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We evaluate the effect of the recombination associated with interlayer transitions in ungated and

gated double-graphene-layer (GL) structures on the injection of electrons and holes. Using the

proposed model, we derive analytical expressions for the spatial distributions of the electron and

hole Fermi energies and the energy gap between the Dirac points in GLs as well as their

dependences on the bias and gate voltages. The current-voltage characteristics are calculated as

well. The model is based on hydrodynamic equations for the electron and hole transports in GLs

under the self-consistent electric field. It is shown that in undoped double-GL structures with weak

scattering of electrons and holes on disorder, the Fermi energies and the energy gap are virtually

constant across the main portions of GLs, although their values strongly depend on the voltages

and recombination parameters. In contrast, the electron and hole scattering on disorder lead to

substantial nonuniformities. The resonant inter-GL tunneling enables N-shaped current-voltage

characteristics provided that GLs are sufficiently short. The width of the current maxima is much

larger than the broadening of the tunneling resonance. In the double-GL structures with relatively

long GLs, the N-shaped characteristics transform into the Z-shaped characteristics. The obtained

results are in line with the experimental observations [Britnell et al., Nat. Commun. 4, 1794–1799

(2013)] and might be useful for design and optimization of different devices based on double-GL

structures, including field-effect transistors and terahertz lasers. VC 2014 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4861734]

I. INTRODUCTION

Double-graphene-layer (double-GL) structures, which con-

sist of two GLs separated by a thin layer and independently

connected with the side contacts, were fabricated and studied

recently.1–4 Such structures have drawn a considerable atten-

tion. This, in part, is due to potential applications of the double-

GL structures in optically transparent transistor circuits,1–3 high

speed modulators of optical and terahertz (THz) radiation,3–6

THz detectors and frequency multipliers,7–9 THz photo-

mixers,10 and THz lasers.11 Schematic views of the double-

GL structures (both ungated and gated) and their band

diagram under the bias voltage are shown in Fig. 1.

Interesting features of devices based on independently con-

tacted quantum wells, formed in the standard heterostruc-

tures, were discussed some time ago.12 Under the operation

conditions of different double-GL-based devices, the inter-

GL transitions (tunneling or thermionic) tend to depopulate

GLs. This can lead to a disruption of the device operation.

The refilling of GLs is associated with the injection of elec-

trons to one GL and holes another from the pertinent con-

tacts. Thus, the injection of electrons and holes in the

double-GL structures requires a careful consideration. In this

paper, we develop a model for transport phenomena in the

double-GL structures as shown in Figs. 1(a) and 1(b)

employing the hydrodynamic equations coupled with the

Poisson equation for the self-consistent electric poten-

tial.13,14 Similar problem, but related to single- and multiple-

GL (MGL) structures with injection of both electrons and

holes into the same GL from the opposite n- to p-contacts,

was considered recently.13,14 However, the double-GL struc-

tures with independently contacted GLs are characterized by

important features associated with spatial separation of

interacting two-dimensional electron Gas (2DEG) and two-

dimensional holes gas (2DHG). In particular, the existence

of the energy gap between the Dirac points in GLs and the

resonant tunneling between GLs should be addressed.

The paper is organized as follows. In Sec. II, we discuss

the device model and write down the main equations, which

govern the transport and recombination of the injected elec-

trons in the main parts GLs, where the latter are quasi-

neutral. The role of the near-contact regions is accounted by

the boundary condition set at the edges of the quasi-neutral

regions.14 Section III deals with the calculations of the spa-

tial distributions and voltage dependences of the Fermi

energy, the energy gap, and electric potential assuming that

the electron-hole scattering dominates over the scattering on

disorder. In Sec. IV, we found how the disorder scattering
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affects the spatial distributions and voltage dependences. In

Sec. V, the current-voltage characteristics are calculated and

discussed using the results of Sec. IV. In Sec. VI, we draw

the main conclusions.

II. MODEL AND THE PERTINENT EQUATIONS

We assume that GLs in the double-GL structures under

consideration are ungated and undoped [see Fig. 1(a)], or gated

and “electrically” doped. In the latter case, GLs are filled with

2DEG and 2DHG [see Fig. 1(b)] electrically induced by the

gate voltages 6Vg/2. The application of the bias voltage V
between the opposite edges of the ungated GLs [as shown in

Fig. 1(a)] results in the formation of 2DEG and 2DHG in the

pertinent GLs. In the gated double-GL structure shown in Fig.

1(b), the 2DEG and 2DHG densities are determined by both

the bias and gate voltages, V and Vg. The double-GL structures

under consideration are particularly interesting for devices uti-

lizing the resonant tunneling between GLs and resonant tunnel-

ing assisted by the photon emission.11

As shown previously by numerical solutions of the

two-dimensional Poisson equation with realistic boundary

conditions and structural parameters,14 in sufficiently long

GL- structures (their length 2L significantly exceeds the

characteristic screening length rs ¼ ðj�h2v2
W=4e2TÞ), i.e., the

parameter Q ¼ 2L=rs ¼ ðp e2LT=6j�h2v2
WÞ � 1, in the main

part of GLs, the electron-hole plasma is quasi-neutral. Here,

T is the temperature (in the energy units), vW ’ 108 cm=s is

the characteristic velocity of electrons and holes in GLs, j is

the dielectric constant, and �h is the Planck constants. Indeed,

if j ¼ 4 and 2L¼ 10 lm at the temperatures T¼ 300 K, pa-

rameter Q ’ 600. Thus, the electron density in one GL, Re,

is with high accuracy equal to the hole density Rh in another

GL: Re ¼ Rh ¼ R. Figure 2 schematically shows the Dirac

points spatial positions (separated by the energy gap D) and

potential profiles in both GLs under the applied bias voltage

V. This figure demonstrates qualitatively that the potential

profiles being rather sharp near the contact regions are

smooth in the main parts of GLs.

At sufficiently high bias and gate voltages, the 2DEG and

2DHG densities R are large, so that the electron and hole

energy distributions are well characterized by the Fermi func-

tions with the quasi-Fermi energies (counted from the Dirac

points) eFe ¼ eFh ¼ eF and the common effective temperature

T. The latter is assumed to be equal to the lattice temperature.

The electron and hole densities in the pertinent GLs R
and the energy gap between the Dirac points are related to

each other as is

R ¼ Rg þ
jD

4p e2d
; (1)

where Rg ¼ j Vg=8p eWg is the density of 2DEG and 2DHG

induced by the gate voltages 6Vg/2, d is the spacing between

GLs, and Wg is the spacing between the GLs and gates [see

Figs. 1(a) and 1(b)] Generally, the energy gap D, i.e., the

energy separation between the Dirac points in GLs, (which

determines the built-in electric field E ¼ D=ed in the inter-

GL barrier), as well as eF and the electric potential at the GL

plane u are functions of coordinate x (the x-axis is directed

in the Gl plane from the p- to n-contacts).

In the case of the 2DEG and 2DHG strong degeneration

ðeF � TÞ

eF ’ �h vW

ffiffiffiffiffiffi
pR
p

; (2)

D ’ 4e2d

j�h2 v2
W

ðe2
F � e2

FgÞ; (3)

where eFg ’ �h vW

ffiffiffiffiffiffiffiffi
pRg

p
¼ �h vW

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j Vg=8eWg

p
.

In the absence of the inter-GL recombination, 2DEG

and 2DHG are in equilibrium. In this case, Fermi energy in

each GL and the energy gap are given by

eeq
F ¼

e

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2VV0 þ V2

0 þ V2
biÞ

q
� V0

�
; (4)

Deq ¼ e

�
V þ V0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2VV0 þ V2

0 þ V2
biÞ

q �
; (5)

FIG. 1. Schematic view of (a) the

cross-sections of a double-GL structure

and (b) the cross-section of its version

with the top and bottom metal gates.

FIG. 2. Schematic view of spatial variations of the Dirac points and potential

profiles in top and bottom GLs, respectively, in a double-GL structure at

D > 0. Filled and open circles correspond to electrons in the conduction

band of top GL and to holes in the valence band of bottom GL.
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where V0 ¼ �h2v2
Wj=2e3d and Vbi ¼ 2eFg

=e. At V < Vbi;
Deq < 0, but at V � Vbi; Deq � 0. In particular, when

Rg ¼ 0, i.e., Vbi ¼ 0; Deq � 0 at all V. Figure 3 shows the

energy diagrams of a double-GL structure at D ¼ 0 and

D > 0.

High densities of 2DEG and 2DHG assume the validity

of a hydrodynamic approach for the description of the elec-

tron and hole transports. We use the hydrodynamic model

presented in Ref. 14.

The transport of electrons and holes is governed by the

following system of hydrodynamic equations14

dR ue

dx
¼ �R;

dR uh

dx
¼ �R; (6)

1

M

dðeue � eFÞ
dx

¼ � ue þ �ehðue � uhÞ; (7)

� 1

M

dðeuh þ eFÞ
dx

¼ � uh þ �ehðuh � ueÞ; (8)

R ¼ 12RT

p2

ð1
0

dyy

½expðy� eF=TÞ þ 1�: (9)

Here, ue and uh are the value of the electron and hole hydro-

dynamic velocities and ue and uh are the potentials of the

top GL (filled with electrons) and the bottom GL (filled with

holes), respectively, � is the collision frequency of electrons

and holes with impurities and acoustic phonons (with the

short-range disorder), �eh is their collision frequency with

each other, M is the fictitious mass, which at the Fermi ener-

gies of the same order of magnitude as the temperature can

be considered as a constant, and RT ¼ p T2=6�h2v2
W .

The recombination of the major carriers injected to the

degenerate 2DEG and 2DHG in the double-GL structures

under consideration is primarily associated with the inter-GL

transitions. The rate of these processes depends on the Fermi

energy (density of 2DEG and 2DHG) and the energy gap D.

When D ¼ 0, the resonant-tunneling transitions with the con-

servation of momentum can dominate.1,7,15,16 Such transi-

tions correspond to the arrow in Fig. 3(a). We present the

rate of the resonant-tunneling recombination in the following

form:

Rrt ’
RT

srt
exp

�
� D2

c2

�
; (10)

where srt is the characteristic resonant-tunneling recombina-

tion time and c is the resonance broadening parameter.

The inter-GL transitions due to the scattering on impur-

ities or acoustic phonons (non-resonant processes) and due

to the processes mediated by photons [see Fig. 3(b)] in which

the momentum or energy is not conserved, can also contrib-

ute to the recombination. Due to a strong coupling of elec-

trons and holes with optical phonons, the processes assisted

by optical phonon emission can also greatly contribute to the

rate of the inter-GL transitions (as it takes place in GL struc-

tures with bipolar injection into GLs10,14,17–19). For concrete-

ness, we assume that the resonant-tunneling processes and

the processes accompanied by optical phonon emission are

the main mechanisms of the inter-GL recombination.

In the case V < �hx0=e ’ 200 mV; 2eF þ D < �hx0, and

the transitions between the tails of the energy distributions

are possible. At eV > �hx0 ’ 200 meV, the inter-GL transi-

tions assisted by the optical phonon emission are not limited

by the Pauli exclusion principle [see Fig. 3(b)]. In this case,

the inter-GL recombination can be rather strong restricting

penetration of the injected electrons and hole sufficiently far

from GL edges. Considering this, the rate of the nonresonant

inter-GL recombination assisted by optical phonon emission

can be presented as

Rnr ’
RT

snr
exp

�
2eF þ D

T

�
; (11)

if eF þ D < �hx0, and

Rnr ’
RT

snr
exp

�
�hx0

T

�
; (12)

if eF þ D > �hx0. Here, sr ’ ðRT=GTÞexpð2dÞ is the charac-

teristic recombination time associated with and with the inter-

GL transitions assisted by the optical phonon emission,

respectively, GT is the rate thermogeneration of the electron-

hole pairs due to the absorption of optical phonons in equilib-

rium (it is about GT¼ 1021 cm�2s�1 at room temperature16),

and æ is the tunneling decay factor characterizing the overlap

FIG. 3. Energy band diagrams of double-GL MGL structure (a) at D ¼ Deq

¼ 0; eV < �hx0 and (b) at D ¼ Deq > 0; eV > �hx0. Arrow in (a) indicates

inter-GL resonant-tunneling transition (with conservation of electron energy

and momentum), arrow in (b) corresponds to transitions assisted by photon

and optical phonon emission (with energies �hx and �hx0, respectively).
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of wavefunctions in the top and bottom GLs, The right-hand

side of Eq. (11), which provides a somewhat simplified de-

pendence of the recombination rate on eF and D, which differs

from that used in Refs. 14 and 15 (see also Refs. 16 and 17)

for the recombination rate associated with the intra-GL transi-

tions mediated by optical phonons by factors exp(–2æ d) and

expðD=TÞ. The latter is due to the energy gap associated with

the GL spatial separation and the potential difference between

GLs. Invoking Ref. 17, we find RT=GT ’ ð10�9�10�10Þ s.

Hence, accounting for that exp(2æ d) � 1, one obtains snr

� ð10�9�10�10Þ s. According to the experimental results,1

the rate of the inter-GL transitions at the resonant tunneling

Rrt ’ 1022 cm�2 s�1. This yields srt ’ ð1� 3Þ � 10�11 s�1.

Thus, the net inter-GL recombination rate is assumed to

be as

R ¼ Rnr þ Rnr: (13)

Considering the same boundary conditions as in Ref. 14

set at the points near the contacts (outside narrow space-

charge regions), i.e., at x ¼ 6L� ¼ ðL� rsÞ ’ 6L, but gen-

eralized by accounting for the energy gap (see Fig. 2), we

have

ðeuh þ eFÞjx¼�L ¼
eV

2
; ðeue � eFÞjx¼L ¼ �

eV

2
: (14)

The boundary conditions for the electron and hole veloc-

ities can be taken as (no electron and hole current at the dis-

connected GL edges)

uejx¼�L ¼ uhjx¼L ¼ 0: (15)

As in Ref. 14, we introduce the following dimensionless

variables: Ue;h¼ eue;h=kBT; l¼ eF=T; lg¼ eFg
=T; v¼ eV=T;

v0 ¼ eV0=T; d ¼ D=T; Ue ¼ uesnr=L; Uh ¼ uhsnr=L, and

n ¼ x=L. In these notations, the dimensionless generation-

recombination term rðlÞ ¼ Rsnr=RT and the dimensionless

density rðlÞ ¼ R=RT are

d½rðlÞUe�
dn

¼ �rðlÞ; d½rðlÞUh�
dx

¼ �rðlÞ; (16)

dðUe � lÞ
dn

¼ behðlÞ
rðlÞ

�
Ue

�
�

�eh

�
þ Ue � UhÞ

�
; (17)

� dðUh þ lÞ
dn

¼ behðlÞ
rðlÞ

�
Uh

�
�

�eh

�
þ Uh � UeÞ

�
; (18)

rðlÞ ¼ 12

p2

ð1
0

dyy

½expðy� lÞ þ 1�; (19)

rðlÞ ¼ exp½2lþ 2ðl2 � l2
gÞ=v0�

þ g exp½�4b2ðl2 � l2
gÞ

2�; (20)

where behðlÞ ¼ ½MðlÞ�ehðlÞrðlÞÞL2=TsrÞ ¼ �behIðlÞ, where

the function I(l) is numerically calculated in Appendix,

v0 ¼ ð�h2v2
Wj=2e2dTÞ; b ¼ ðT=v0cÞ, and g ¼ snr=srt. The pa-

rameter beh varies in a wide range depending on the scatter-

ing and recombination parameters and the GL length.

The quantity qeh ¼ beh=r can be presented as ðL=LehÞ2,

where Leh ¼ Dehsr is the diffusion length and Deh ¼ v2
W=2�eh

is the bipolar diffusion coefficient.

III. SPATIAL AND VOLTAGE DEPENDENCES OF FERMI
ENERGY, ENERGY GAP, AND POTENTIAL

In the structures under consideration in which the density

of 2DEG and 2DHG markedly exceeds the density residual

impurities, one can assume that � � �eh (even despite the spa-

tial separation of 2DEG and 2DHG). Taking this into account,

we disregard in Eqs. (10) and (11), the terms proportional to a

small parameter �=�eh. In such a case, Eqs. (16)–(18), with

boundary conditions which follow from Eqs. (14) and (15), yield

l ¼ li ¼ eFi=T ¼ const; d ¼ di ¼ const; Ue ¼ �di=2 þ Ui,

and Uh ¼ di=2 þ Ui, where Ui / n;

Ue ¼ �
rðliÞ
rðliÞ

ðnþ 1Þ; Uh ¼ �
rðliÞ
rðliÞ

ðn� 1Þ; (21)

Ui ¼ �
2behðliÞrðliÞ

r2ðliÞ
n; (22)

di ¼ 2ðl2
i � l2

gÞ=v0: (23)

As follows from the boundary conditions, li and Di are

related to each other also as:

li þ
2behðliÞrðliÞ

r2ðliÞ
¼ v� di

2
: (24)

Considering Eqs. (22) and (23), we arrive at the following

equation for li:

li þ
ðl2

i � l2
gÞ

v0

þ 2behðliÞrðliÞ
r2ðliÞ

¼ v

2
: (25)

The quantity di in Eq. (23), which is proportional to v�1
0 / d,

explicitly describes the effect of spatial separation of GLs

resulting in the appearance of the energy gap. According to

the above formulas, the Fermi energy and the energy gap are

independent of the coordinate (in the main parts of GLs except

near-contact regions), while potential is a linear function of

the coordinate [see Eq. (22)]. This corresponds to Fig. 2.

If the inter-GL recombination is insignificant, formally

setting r(l)¼ 0, from Eq. (24), we obtain the equilibrium

value of the Fermi energy in each GL, and hence, using Eq.

(23), the equilibrium value of the energy gap coinciding with

Eqs. (4) and (5).

Equation (25) yields the explicit relationship between the

normalized Fermi energy li in the main portions of GLs

(except narrow regions near the contacts) on parameters q and

v0, the bias voltage V, and the gate voltage Vg [via the depend-

ence lgðVgÞ]. At relatively weak electron-hole scattering (and

the scattering on disorder) and recombination, when b� 1,

and 2DEG and 2DHG are close to equilibrium, Eqs. (23)–(25)

yield li and di close to leq
i ¼ eeq

F =T and deq
i ¼ Deq=T [see

Eqs. (4) and (5)].

Figure 4 shows the dependences of the normalized

energy gap di and the normalized Fermi energy, li in the
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main parts of GLs calculated using Eqs. (23)–(25) for the

parameter �beh in the range of �beh ¼ 0:001� 0:01

ð�behg ¼ 0:1� 1:0Þ. It was assumed that j ¼ 4; d ¼ 2 nm;
g ¼ 100; T ¼ 300 K, and lg¼ 2 (i.e., Vbi¼ 100 mV), so that

v0 ’ 10:5, c ¼ 1 meV; b ’ 2:375. We used the functions

behðlÞ (for a ¼ e2=j�h vW ¼ 0:505) and rðlÞ calculated in

Appendix.

Using the data obtained from Ref. 1 (srt 	 ð1� 3Þ
�10�11 s and L2¼ 0.6 lm2), one can find �beh 	 0:0017

�0:0051. The quantity g ¼ 100 corresponds to snr 	 ð1� 3Þ
� 10�9 s (see Sec. II). As seen from Fig. 4, at relatively small

values of parameter �beh, both di and li increase monotoni-

cally with increasing the bias voltage (see curves 1 and 2).

At elevated values of parameter �beh, for example, at rela-

tively long GLs (see curves 3 and 4), the voltage dependen-

ces of di and li are of the S-shape, i.e., multi-valued in a

certain voltage range corresponding to the tunneling reso-

nance di ¼ 0). The monotonic and multi-valued behavior

correspond, in particular, to relatively short and long GLs,

respectively ð�beh / L2Þ.

IV. ROLE OF SCATTERING ON DISORDER

Although the scattering of electrons and holes on residual

impurities and acoustic phonons is comparably weak, it can

lead to a small but qualitative modification of the injection

characteristics. Considering the terms with � as perturbations,

one can search for solutions of Eqs. (15)–(18) in the form:

l ¼ li þ dl; d� di ¼ 4q0lidl, and so on. In particular, we

arrive at the following equation for the variation of the Fermi

energy:

ddl
dn
¼
�
�

�eh

�
behðliÞrðliÞ

ð1þ 2li=v0Þr2ðliÞ
n: (26)

Taking into account that dljn¼61 ¼ 0, from Eq. (26) we

obtain

dl ¼ bdðliÞ rðliÞ
2ð1þ 2li=v0Þr2ðliÞ

ðn2 � 1Þ: (27)

Here, bdðlÞ ¼ ð�=�ehÞbehðlÞ. Simultaneously, one can find

d� di ¼
2bdðliÞ rðliÞ

v0ð1þ 2li=v0Þr2ðliÞ
ðn2 � 1Þ: (28)

As follows from Eqs. (27) and (28), the scattering of

electrons and holes on disorder results in the spatial distribu-

tions of the Fermi energy l (i.e., eF) and the energy gap D
with minima at the center of the structure ðn ¼ 0Þ. The span

of these quantities variations are as follows:

dljn¼0 ¼ �
bdðliÞ rðliÞ

2ð1þ 2li=v0Þr2ðliÞ
;

¼ �
�

L

L

�2
rðliÞ

2ð1þ 2li=v0ÞrðliÞ
; (29)

ðd� diÞjn¼0 ¼ �
�

L

L

�
2rðliÞ

v0ð1þ 2li=v0ÞrðliÞ
; (30)

where we have introduced the diffusion lengths L ¼ ð�eh=�Þ
Leh ¼ ðbeh=bdÞLeh � Leh associated with the scattering on

disorder.

V. CURRENT-VOLTAGE CHARACTERISTICS

The inter-GL current is calculated using the expression

for the rate of the pertinent transitions as a function of the

local values of the Fermi energy integrated over the GL

length

J ¼
�J

2

ð1

�1

dnrðlÞ: (31)

Here,

�J ¼ ð2eRTLH=snrÞ ¼ ðp eLHT2=3�h2v2
WsnrÞ; (32)

where H is the width of GLs (in the direction perpendicular

to the current), and r(l) is given by Eq. (20). If � � �eh, so

that l ’ li ’ const in the main parts of GLs, Eq. (31) can be

rewritten as

J ’ �JrðliÞ ¼ Ji: (33)

At the tunneling resonance at which di ¼ 0 and li¼lg, the

current is equal to (if 2lg < �hx0=T, i.e., lg < 4)

FIG. 4. Voltage dependences of (a) normalized energy gap between the

Dirac points and (b) normalized Fermi energy for different values of param-

eter �beh: 1—�beh ¼ 0:001, 2—0.002, 3—0.005, and 4—0.01. Insets show

zoom of the same characteristics near the tunneling resonance.
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Jmax
i ’ �J ðe2lg þ gÞ ¼ �JðeeVbi=T þ gÞ; (34)

if eVbi < �hx0, and

Jmax
i ’ �Jðe�hx0=T þ gÞ; (35)

if eVbi > �hx0. When lg ¼ 2, i.e., Vbi¼ 100 mV, �beh ¼ 0:001,

and g ¼ 100, Eq. (34) yields Jmax
I =�J ’ 150. At higher values

of lg / Vbi /
ffiffiffiffiffi
Vg

p
, the voltage dependence of the current

peak height tends to saturation or becomes relatively slow if a

relatively weak (non-exponential) dependence on the non-

resonant inter-GL transition rate is accounted for.

Figure 5 shows the current-voltage characteristics calcu-

lated using Eq. (30) with Eqs. (20), (23), and (25) for the

same parameters as in Fig. 4. As seen from Fig. 5, the

current-voltage characteristics exhibit pronounced maxima

corresponding to the tunneling resonances. Indeed, the bias

voltage at which the current reaches the maximum coincides

with that corresponding to di ¼ 0 [see Fig. 4(a)]. It should be

noted that the width, DV, of the maxima markedly exceeds

the width, c=e ¼ 1 mV, of the resonant maximum of the

inter-GL transition rate r(l) by the order of magnitude.

However, the most remarkable feature of the obtained

current-voltage characteristics is the transformation of their

shape from the N-type (curves 1 and 2) to the Z-type (curves

3 and 4) when the parameter �beh increases. As seen from

Fig. 5, the current-voltage characteristics become multi-

valued (when the voltage dependences of the Fermi energy

and the energy gap become of the S-shape) in certain voltage

ranges if the parameter �beh is sufficiently large (i.e., if the

length of GL, L, is relatively large). The effect of broadening

of the resonant maxima in the current-voltage characteristics

is due to relatively slow variations of the energy gap

with varying bias voltage. Indeed, the width of the current-

voltage resonant peak can be estimated as DV=ðc=ddi=dvÞ
¼ DV=ðc=dDi=dVÞ. Since ddi=dv ¼ dDi=dV � 1 [see

Fig. 4(a)], DV � c. Even at �beh � 1, when 2DEG and

2DHG in the pertinent GLs are close to equilibrium,

ddi=dv ’ 2lg=ðv0 þ 2lgÞ ¼ Vbi=ðV0 þ VbiÞ ’ 0:275 for the

parameters used in the above calculations. An increase in b
results in further decreasing of ddi=dv and, hence, increasing

the width of the current-voltage resonant peak. The occur-

rence of the voltage range, where they are multi-valued, i.e.,

the transformation of the N-shaped current-voltage charac-

teristics to the Z-shaped ones can be attributed to the poten-

tial drop across GLs. Similar effect in quantum-well

resonant-tunneling transistors and other tunneling devices

was considered previously21–25 (see also Ref. 26). For the

values sr ¼ ð1� 3Þ � 10�9 s�1 and srt ¼ ð1� 3Þ � 10�11 s�1

used above and 2LH¼ 0.6 lm2 (as in Ref. 1), the tunneling

resonant peak current Jmax
i ðJmax

I =�J ’ 150Þ is in the range of

50–150 nA, i.e., of the same order of magnitude as in the

experiment.1

An increase in the gate voltage Vg leads to an increase in

the Fermi energy eF (i.e., l) and, hence, to an increase in Vbi

(i.e., lg). As a result, the position of the current peak shifts to

higher bias voltages.

The shift of the current maxima associated with an

increase in eF and, consequently, Vbi occurs when the levels

of the chemical doping of GLs are elevated (the donor den-

sity in the top GL and the acceptor density in the bottom GL

increase). In this case, the resonant condition is achieved at

higher bias voltage V. Just such doped structures were stud-

ied in Ref. 1, in which the current peaks correspond to higher

values of the bias voltages (V about several tenth of Volt)

than in Fig. 5 ðV 	 0:1 VÞ for the chemically undoped GLs.

However, an increase in the dopant densities leads to an

increase in the collision frequency �. This can result in a

marked effect of the disorder scattering to the spatial distri-

butions of the Fermi energy, the energy gap [see Eqs. (27)

and (28)], and the current. Due to this, the function r(l) in

Eq. (31) becomes coordinate-dependent. This leads to lower-

ing of the current peak and its additional broadening (inho-

mogeneous). Indeed, using Eqs. (27) and (31), at li¼ lg

(when di ¼ 0) and integrating over dn, we obtain

Jmax ’ Jmax
i

�
1þ

b2
dðlgÞr2ðlgÞ

15ð1þ 2lg=v0Þ2r4ðlgÞ
r00ðlgÞ

�
; (36)

where r00ðlgÞ ¼ d2rðliÞ=dl2
g. Since r00ðlgÞ ’ �12b2l2

g is

negative, from Eq. (33), we obtain Jmax < Jmax
i with

Jmax
i � Jmax ’

12b2b2
dðlgÞðe2lg þ gÞ2l2

g

15ð1þ 2lg=v0Þ2r4ðlgÞ
:

Taking into account that at l > 1bd ’ �bdl
2 (where �bd

is independent of lg and rðlÞ / l2, Eq. (35) can be pre-

sented as

Jmax
i � Jmax 	 �b

2

db2g2: (37)

The latter quantity is proportional to a small factor �b
2

d and

two large factors b2 and g2. Hence, even relatively weak

scattering on disorder can markedly affect the shape of the

maxima in the current-voltage characteristics.

FIG. 5. Current-voltage characteristics for different values of parameter �beh:

1—�beh ¼ 0:001, 2—0.002, 3—0.005, and 4—0.01; transition from N-

shaped to Z-shaped characteristics.
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The current-voltage characteristics of the N-, S-, and Z-

type can lead to the instability of uniform (or virtually uni-

form) spatial distributions of the electron and hole densities

and the electric potential (in particular, to the formation of

density domains or current filamentation). The stability of

the uniform states in the main part of the double-GL struc-

tures under consideration when their current-voltage charac-

teristics are of the N-shape was considered recently.9 The

problem of the stability in the case of the Z-shaped charac-

teristics predicted above is going to be considered elsewhere.

VI. CONCLUSIONS

In conclusion:

(1) We have developed the device model for the double-GL

structures with independently contacted GLs, which

describes the processes of the electron and hole injec-

tions from the opposite contacts accompanied with the

inter-GL electron-hole recombination.

(2) Using the model, we have derived analytical expressions

for the spatial distributions of the electron and hole Fermi

energies and the energy gap between the Dirac points in

GLs as functions of the bias and gate voltages and the

structural parameters. It has been shown that these quanti-

ties can be virtually coordinate-independent in the main

parts of GLs (except narrow near contact regions) if the

mutual scattering of electrons and holes dominate. An

increase in relative strength of electron and hole scatter-

ings on disorder can lead to substantial sag of the spatial

dependences in question with the minima in the center of

the GL structures. The shape of the Fermi energy versus

voltage characteristics varies from the monotonic to the

S-type with increasing length of GLs.

(3) We have calculated the current-voltage characteristics

and revealed that they exhibit maxima associated with

the resonant-tunneling inter-GL transitions (the N-type

characteristics) in the GL-structures with relatively short

GLs. In the structures with long GLs, the N-type charac-

teristics can transform to the Z-type characteristics. In

the latter case, the effect of hysteresis can exist. This

should be taken into account choosing the range of oper-

ation voltages of the lasers based on the double-GL

structures.11,27

(4) The obtained results are in line with recent experimental

observations.1 They can be useful for the development

and optimization of double-GL-based field-effect transis-

tors, terahertz detectors, and terahertz lasers.
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APPENDIX: FUNCTIONS I(l) AND r(l)

The function rðlÞ is given by Eq. (19). At l! 0;
rðlÞ ! 1, while at large l, one obtains rðlÞ ’ 6l2=p2. The

function beh / IðlÞ ¼ iðlÞ=ið0Þ, where according to Ref. 13

(see, also, Ref. 20) and considering the Thomas-Fermi

screening of the electron-hole interaction

iðlÞ ¼
ð1

0

ð1
0

dxdx0Fðx� lÞFðx0 � lÞ

�
ðx

�x0
dQ½1� Fðx� Q� lÞ�½1� Fðx0 þ Q� lÞ�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xx0ðx� QÞðx0 þ QÞ

p
Q2

½jQjÞ � 4alnF2ðlÞ�2
; (A1)

where FðxÞ ¼ ð1þ exÞ�1
and a ¼ e2=j�h vW (at j ¼ 4;

a ’ 0:505). Figure 6 shows rðlÞ and IðlÞ calculated numeri-

cally using Eqs. (16) and (A1), respectively.
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