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Particle-hole asymmetry in fluctuating thermoelectric and Hall effects
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Thermoelectric and Hall currents arise due to particle-hole asymmetry~PHA! in the electron system. Qua-
dratic electron spectrum alone is a source of PHA. This asymmetry, not associated with expansion of the
density of states~DOS! near the Fermi surface, leads to singular fluctuation thermopower and Hall conductivity
in electron systems with two-dimensional spectrum. In impure films new contributions dominate over the
contributions due to DOS expansion by parameter (Tct)21, wheret is the electron-impurity scattering time.
In agreement with experimental observations in high-Tc cuprates, sign of the fluctuation Hall correction is
opposite to the sign of the Hall conductivity in the normal state.
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In recent years fluctuations effects in superconduc
near the critical temperatureTc attracted much attention in
strongly anisotropic high-Tc cuprates with two-dimensiona
electron transport along layers and weak coupling betw
layers. NearTc the fluctuation conductivity of ordinary su
perconductors is described by the Aslamazov-Larkin~AL !
correction.1 The excess conductivity of high-Tc cuprates is
also well described by AL theory if anisotropy effects a
included.2–4 The current situation with the fluctuations the
mopower~TEP! and Hall effect is rather confusing. The mo
intriguing problem is that the sign of the calculated fluctu
tion Hall conductivity5–7 contradicts to experimental data o
high-Tc superconductors.8–11

All theories to date predict that AL correction to therm
electric coefficient and Hall conductivity in two-dimension
conductors are absent.3,5–7 Electrons and holes drifting in
perpendicular magnetic and electric fields or in the tempe
ture gradient give contributions to the electric current of o
posite signs. Therefore, thermoelectric and Hall curre
arise due to the difference between electron and hole st
i.e., due to the particle-hole asymmetry~PHA!. To obtain
nonzero fluctuations thermopower and Hall coefficient o
should extract the PHA terms in the fluctuation propaga
Previous works took into account PHA in the electron de
sity of states~DOS!, which is constant in two-dimensiona
conductors. Therefore, one could conclude that the A
corrections to the thermopower and Hall conductivity is a
sent. Interlayer coupling results in nonzero fluctuation T
and Hall conductivity along layers due to modification
two-dimensional electron spectrum. However, experime
measurements in various cuprates exhibit no significant
pendence on the interlayer coupling.8–11

We show that complete treatment of all sources of P
can resolve the problems of sign and magnitude of fluct
tions TEP and Hall effects. To elucidate main idea of o
paper, we remind that for noninteracting electrons TEP
quires expansion of electron parameters,v2nt (v is the ve-
locity, n is the density of states, andt is the momentum
relaxation rate! near the Fermi surface to extract PHA. F
the Hall conductivity no such expansion is necessary,
PHA due to quadratic electron spectrum alone results in n
vanishing effect.12 Note, that for the linear~Dirac! spectrum
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there is no PHA and the Hall effect is absent. For TEP a
Hall conductivity of interacting electrons, both sources
PHA mentioned above should be taking into account on
same footing. However, PHA effects from the quadratic el
tron spectrum have been lost in all previous calculations
fluctuation TEP and Hall effect.

In the present paper we show that PHA from the elect
spectrum results in singular fluctuation thermopower a
Hall conductivity in 2D systems. The effects under consid
ation are also important for 3D conductors. In particular,
show that, in impure thin films the obtained TEP and H
corrections areTct times larger than found in earlie
papers.5–7,13,14In pure films our corrections are of the sam
order as corrections due to expansion of DOS.6,13

First, we calculate the PHA terms in the fluctuation prop
gator, which describes the interaction in the Cooper chan
In equilibrium the retarded propagator is

L0
R~q,v!5@l212PR~q,v!#21, ~1!

wherel is a constant of the electron-electron interaction a
P(q,v) is the polarization operator

PR~q,v!5 i E de

2p
S0~e!

pntz~q,v!

12z~q,v!
, ~2!

where S0(e)52tanh(e/2T). The functionz(q,v) is given
by

z~q,v!5
1

pntE dp

~2p!2
G0

A~p,e!G0
R~q2p,v2e!

52
i

tE df

2p

1

2e2v1jq2pF
2 i /t

, ~3!

wheref is the angle betweenp andq, and the retarded~R!
and advanced~A! electron Green functions are

G0
R~p,e!5@G0

A~p,e!#* 5~e2jp1 i /2t!21, ~4!

wherejp5(p22pF
2)/2m.

Equations~1!–~4! are well known and widely used in th
microscopic theory of fluctuations.1,5–7,13,14 An important
©2002 The American Physical Society04-1
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point of our calculations is that in Eq.~3! we will take into
account PHA associated with electron spectrumjp . Any de-
viation from the linear spectrumjp5vF(p2pF) results in
asymmetric terms. For the quadratic spectrum we have

jq2pF
52vFq cosf1q2/~2m!, ~5!

and PHA is taken into account by the small termq2/2m. As
seen, this term enters into Eq.~3! in the same way asv.
Therefore, the expression forP(q,v) accounting for the
PHA is given by

PR~q,v!52
n

2 F ln
2gvD

pTc
2aq21

ip

8Tc
v

1
v

2eF

] ln n

] ln eF
ln

2gvD

pTc
2

ip

8Tc

q2

2mG , ~6!

wheren is the electron density of states at the Fermi ene
vD is the Debye frequency, andg is the Euler constant.

Particle-hole symmetry is directly connected with prop
ties of the retarded and advanced functions, it requires
PR(2q,2v)5PA(q,v). Taking into account tha
@PR(q,v)#* 5PA(q,v), the asymmetric term inPR(q,v)
may be extracted as

PPHA
R ~q,v!5

1

2
$PR~q,v!2@PR~2q,2v!#* %. ~7!

Therefore, last two terms in Eq.~6! represent PHA. The firs
of them obtained from expansion of DOS has been taken
account in foregoing works.5–7,13,14Note that this term van-
ishes for 2D system. The last term is new, it has been o
looked in all previous publications. This term has the sa
form in all dimensions and plays a key role in 2D system

For an arbitrary electron momentum relaxation time
coefficienta in Eq. ~6! is1

a52
vF

2t2

d FcS 1

2
1

1

4pTct
D2cS 1

2D2
1

4ptTc
c8S 1

2D G ,
~8!

whered is the dimensionality of the electron system,c(x) is
the logarithmic derivative of the gamma function. In the lim
iting cases

a5H pv2t/~8dT!, Tt!1,

7z~3!v2/~16p2dT2!, Tt@1.
~9!

Let us estimate relative contributions of the asymme
terms. According to Eq.~6! the PHA term due to the DOS
expansion is of the order ofv/eF and our new term is
;q2/(mTc). Taking into account thataq2;v/Tc;(T
2Tc)/Tc ,1 we expect that for pure films (Tct@1) the new
contributions to the thermoelectric coefficient and Hall co
ductivity are of the same order as contributions from DO
expansion. In impure films (Tct!1) the new contributions
dominate over the old ones by parameter (Tct)21. Calcula-
tions below support these estimations.

To investigate effect of superconducting fluctuations
the electron transport we use the quantum trans
10450
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equation,13 which is equivalent to the linear respons
method.1,5,7,14Below, we will present calculations taking int
account only the new PHA term. Our purpose is to calcul
the electric current initiated by the temperature gradient
external electric and magnetic fields

Je52eE dpde

~2p!d11
vS~p,e!ImGA~p,e!. ~10!

According to Eq.~10!, the electric current may be associat
with the nonequilibrium distribution functionS(p,e), as well
as with various nonequilibrium corrections to the electr
density of states ImGA(p,e).

In the transport equation method the AL-term correspo
to the correction to ImGA,13

dGA5~G0
A!2dSAL

A , ~11!

where the electron self-energydSAL
A shown in Fig. 1 is given

by

dSAL
A 5

i

2E dqdv

~2p!3

G0
R~q2p,v2e!

@12z~q,v!#2
dLC~q,v!, ~12!

wheredLC(q,v) is the kinetic~Keldysh! component of the
nonequilibrium fluctuation propagator, which will be dis
cussed latter.

Substituting Eq.~12! into Eq.~11!, and then into Eq.~10!,
we get

Je5eE dpdqdedv

~2p!d14
vS0~e!

dLC~q,v!

@12z~q,v!#2

3@G0
A~p,e!#2G0

R~qÀp,v2e!. ~13!

Integrating overp ande, we find

Je5enaE dqdv

~2p!3
qImdLC~q,v!. ~14!

Now we calculate the nonequilibrium fluctuation propagat
when the electron system is disturbed by the thermal gr
ent. The equilibrium propagator may be presented as~see
Fig. 2!

L0
C~q,v!5L0

R~q,v!PC~q,v!L0
A~q,v!, ~15!

FIG. 1. Electron self-energydSAL corresponding to the
Aslamazov-Larkin correction and the equilibrium fluctuation prop
gatorLC(q,v).
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where

PC~q,v!5cothS v

2TD @PR~q,v!2PA~q,v!#. ~16!

When the system is driven out equilibrium by the te
perature gradient, the corresponding Poisson bracket13

$A,B%T5¹TS ]A

]T

]B

]q
2

]B

]T

]A

]q D , ~17!

applied to Eq.~15!, according to Fig. 2, results in the non
equilibrium propagator

dLT
C5 i @L0

R~L0
A!22~L0

R!2L0
A#~PR2PA!

3
]

]TS coth
v

2TD¹T
]

]q
@RePR~q,v!#. ~18!

ExpandingdLT
C to the first order inq2/2m and integrating it

over v, we get

E dv

2p
dLT

C~q,v!5 inaq¹T
q2

2mE dv

2p

2

v

]

]v
~L0

RL0
A!

3
]

]TS coth
v

2TD
5

ipa

nT

q¹T

~DT/T1aq2!3

q2

2m
, ~19!

whereDT5T2Tc . Finally, integrating Eq.~19! over q, we
find the electric currentJe @Eq. ~14!#. Keeping in mind that
Je5h¹T, we get the thermoelectric coefficient in 2D sy
tem,

dh5
e

16maT
lnS Tc

T2Tc
D . ~20!

Next we consider the fluctuation correction to the H
coefficient. The corresponding nonequilibrium propaga
dLE3H

C in crossed electric and magnetic fields is calcula
with electric and magnetic Poison brackets

$A,B%E5eES ]A

]v

]B

]q
2

]B

]v

]A

]q D , ~21!

FIG. 2. Noneqiulibrium fluctuation propagatordLT
C with the

Poisson bracket due to the temperature gradient.
10450
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$A,B%H5
e

c
HS ]A

]q
3

]B

]q D , ~22!

according to Fig. 3. The electric bracket@Eq. ~21!# applied to
the first diagram gives

dLE
C5 i ~PR2PA!L0

R~L0
A!2

]

]vS coth
v

2TD ]PA

]q
E. ~23!

Then the magnetic bracket@Eq. ~22!# gives

dLE3H
C 5~ i !2~PR2PA!~L0

RL0
A!2

]

]vS coth
v

2TD
3

]2PA

]q2

e

c
HS ]PR

]q
3ED . ~24!

The second diagram in Fig. 3 is calculated in the same w
Total contribution of both diagrams is

dLE3H
C 522~na!2~PR2PA!~L0

RL0
A!2

]

]vS coth
v

2TD
3

e

c
q•~E3H!. ~25!

Next we perform expansion overq2/2m in Eq. ~25!,

~PR2PA!~L0
RL0

A!252
q2

2m

]

]v
~PR2PA!~L0

RL0
A!2.

~26!

SubstitutingdLE3H
C into Eq. ~14! and integrating it overv,

we get

E dv

2p
dLE3H

C 52
p2

8

e

c

a2

nT

q•~E3H!

~DT/T1aq2!5

q2

2m
. ~27!

Finally, integrating Eq.~27! over q, we find the electric cur-
rent proportional to E3H. Defined from Je5sH(E
3H)/H, the Hall conductivity in a 2D system is

dsxy52
p

384

e2vc

T S Tc

T2Tc
D 2

, ~28!

FIG. 3. Noneqiulibrium fluctuation propagatordLE3H
C with the

Poisson brackets due to electric and magnetic fields.
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wherevc is the cyclotron frequency. Eqs.~20! and ~28! are
presented for 2D conductors. For a quasi-two-dimensio
system ~thin films with thickness less than the coheren
length! these expressions should be divided by the film thi
ness. Note thatdsxy has a sign opposite to the sign ofsxy
(sxy5vctsxx).

Now we discuss our results and compare them with c
tribution obtained from expansion of DOS. Taking into a
count PHA due to quadratic electron spectrum, we find
fluctuation thermoelectric coefficient@Eq. ~20!# and Hall
conductivity@Eq. ~28!#. The obtained results predict the si
gular behavior of the transport coefficients nearTc in 2D
electron system. Our results have identical form for 2D s
tems and thin films. Contributions to the fluctuation therm
electric coefficient and Hall conductivity from DOS expa
sion vanish in 2D systems. For thin films the correspond
correction toh is13

dhDOS50.1
eT

eFa

] ln n

] ln eF
ln

2gvD

pTc
lnS Tc

T2Tc
D . ~29!

Taking into account PHA due to expansion of DOS@asym-
metric v-dependent term in Eq.~6!# and repeating our cal
culations, we obtain the corresponding correction to the H
conductivity

dsxy
DOS52

e2amvcT

2peFa

] ln n

] ln eF
ln

2gvD

pTc
S Tc

T2Tc
D 2

. ~30!

Note, that authors of previous works5–7 reported sxy
DOS,

which is of the same order as our result@Eq. ~30!#, but with
.

10450
al

-

-
-
e

-
-

g

ll

a wrong sign. The result of Ref. 5 comes from erroneous s
of the v-dependent PHA term in the fluctuation propaga
@see Eq.~6!#. This mistake has already been corrected
fluctuation TEP in our previous paper.13 The authors of Refs.
6,7 also mentioned the wrong sign of thev-dependent PHA
term in Ref. 5, but arrived at the same sign of the Hall co
ductivity as in Ref. 5.

Comparing Eqs.~20!, ~28!, ~29!, and~30!, we see that for
pure films (Tct@1) the new contributions and the contribu
tion from expansion of DOS are of the same order. In imp
films (Tct!1) new contributions to the thermoelectric coe
ficient and Hall conductivity dominates over the old ones
parameter (Tct)21.

According to Eqs.~28! and ~30!, both fluctuation correc-
tions to the Hall conductivity are opposite by sign to the H
conductivity of noninteracting electrons (sxy). We would
like to emphasize that, according to Refs. 1,13 and our c
rent paper, AL corrections provide monotonic changes of
transport coefficients~conductivity, thermoelectric coeffi-
cient, and Hall conductivity! from normal to superconduct
ing states.

While in the current paper we have considereds-wave
pairing, it may be shown that accounting ford-wave pairing
does not change our results for pure superconductors (Tct
@1),15 and our conclusions are applicable to high-Tc cu-
prates. Thus, the monotonic change of the Hall conductiv
aboveTc is in agreement with experimental observations
cuprates.8–11 This resolves a long-standing problem of th
sign of fluctuation Hall conductivity.6,7

This research was supported by NASA and NSF gran
ys.
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