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Abstract

We demonstrate that phonon-induced variation of electron effective mass leads to a substantial increase of the electron±

acoustic phonon interaction in semiconductor quantum dots. The contribution of this mechanism to electron scattering depends

on a shape of the nanostructure. For dots of small sizes it exceeds the contribution of the conventional deformation potential and

it prevents the reduction of the electron relaxation rate with decreasing dot size as predicted by the conventional theory. q 2001

Elsevier Science Ltd. All rights reserved.
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Research on electron energy relaxation in semiconductor

quantum dots (QDs) has attracted much interest due to the

critical importance of carrier-relaxation processes in the

performance of novel semiconductor devices based on

QDs (lasers, infrared photodetectors and others). The

relaxation via phonon emission has been of a particular

interest. This intrinsic mechanism in¯uences fundamental

properties of semiconductor nanostructures and may be

the only nonradiative process controlling electron energy

losses. Among various aspects of phonon-assisted relaxa-

tion, the effect of phonon bottleneck predicted in Ref. [1]

has been receiving widespread and increasing attention in

recent years; see, e.g. Ref. [2] (and references therein). This

effect is the basis of large predicted reductions of electron

relaxation rates in QDs when compared to 2D or 1D hetero-

structures. Due to the discrete electron energy spectrum, the

interaction with phonons occurs only when an interlevel

interval matches the energy of longitudinal optical (LO)

phonons or it is smaller than the bandwidth of longitudinal

acoustic (LA) phonons (a few meV). For dot sizes less

than some critical value, the interaction or electrons with

acoustic phonons weakens drastically due to the decreasing

form factor. The existence of a phonon bottleneck effect is

still discussed controversially [2]: some experimental results

[3,4] support the theoretical prediction [1] while other

studies [5,6] show that the bottleneck does not exist.

Assuming that the intrinsic process of acoustic phonon

emission cannot provide rapid relaxation, different extrinsic

mechanisms have been investigated (Auger-like [7], multi-

phonon scattering [8] and others). While restricted for

intrinsic phonon scattering, a large enhancement of the

relaxation rate around the energy of LO phonons has been

calculated by including the LO ^ LA two-phonon mecha-

nism [9] and the decay of LO phonons into acoustic phonons

[2]. These intrinsic mechanisms do not restrict a large

decrease in the relaxation in low-energy range.

In this paper, we investigate electron energy relaxation

due to acoustic phonon emission by reexamining the

electron±acoustic phonon coupling in QDs. It is worth

emphasizing that the acoustic phonons bottleneck has

been predicted using the conventional interaction energy,

D div u, where D is the deformation potential (DP) constant,

and u is the lattice displacement. This energy takes into

account only the shift of the conduction band edge given

by deformation potential. In nanostructures this bulk form of

interaction has to be modi®ed by taking into account a shift
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of energy levels of con®ned electrons relative to their band

edge. The expression for a quantized energy, E , "2
=�mpL2�

indicates that an additional coupling originates from phonon

induced changes of the dot size, L; and the electron effective

mass, mp. For weak deformation, these changes give rise to

additional mechanisms acting independently. The ®rst of

them which is caused, in the general case, by a change of

a con®nement potential has been investigated in [10±12].

We refer to it as the macroscopic deformation potential

(MDP) [10]. The corresponding perturbation is given by

Ĥ1 � 2u�r�7U�r�; �1�
where U(r) is a con®nement potential. For electrons

con®ned in quantum wells, only long wavelength phonons

participate in scattering, and MDP interaction is weak

compared with the DP interaction as E/D p 1. For electrons

in QDs, due to the large wave vectors of phonons partici-

pating in scattering, the contribution of the MDP interaction

can be comparable with that from the DP coupling [11]. The

tight-binding approach for Bloch states of 2D electrons in a

deformed crystal [12] and calculation of the electron

mobility in quantum wells [13] show that the main

additional interaction originates from deformation-related

variation of the electron effective mass. To derive this inter-

action for electrons in QDs, we expand the tensor of the

inverse effective mass, m 21
ij ; in terms of the strain tensor,

uij. In a cubic crystal, m21
ij � �1=mp��1 1 xuij�dij; where mp

is the isotropic effective mass in the absence of deformation

and x is a phenomenological parameter. Using the kinetic

energy operation of the Ben Daniel±Duke form

�2"2
=2�7�m 21�r�7�; yields the interaction Hamiltonian

Ĥ 2 � 2
"

2

X
i

7 i

x

mp
uii7 i

� �
: �2�

This operator takes into account a difference in the effec-

tive masses of the semiconductors forming a nanostructure.

In narrow-gap semiconductors, the parameter x can be

expressed through the slope dEg/dP of the dependence of

the bandgap energy, Eg on pressure P. Using the relationship

1=mp � 2P 2
G =�m2

0Eg�; where PG is the interband p-matrix

element from k´p perturbation theory we obtain

x .
�C11 1 2C12�

Eg

dEg

dP
. 2

3D

Eg

; �3�

where C11 and C12 are elastic moduli of a cubic crystal in the

Voigt notation. The last term in the righthand part holds

when a shift of conduction band edge provides the main

contribution to the pressure dependence of Eg (this is true

for practically all semiconductors [14]). Using the data for

the elastic moduli and the pressure coef®cients given in Ref.

[15], we ®nd x . 17 for GaAs, x . 28 for In0.53Ga0.47As

ternary, and x . 42 for InAs. The estimation x by help of

the last term of Eq. (3) is in acceptable agreement with

above obtained values when the D . 28:1;27; and 25.7

for the above listed semiconductors, correspondingly. The

condition x q 1 implies that the interaction of Eq. (2)

dominates over the MDP interaction.

In the present communication we calculate the scattering

rate of an electron in a QD due to the interaction with

acoustic phonons through the deformation potential and

the additional interface mechanisms of Eqs. (1) and (2).

We will ignore the effect of acoustic mismatches at the

interfaces and assume bulk acoustic phonons. The rate of

electron relaxation associated with acoustic phonon

emission is calculated in the ®rst-order of perturbation

using the Fermi golden rule. For a single electron,

1

tif

� 2p

"

X
jq

uMj
if u

2�N�"vj=kBT�1 1�d�Ei 2 Ef 2 "vj�: �4�

Here M
j
if is the matrix element of a transition between the

initial, i, and the ®nal, f, electron states, v � sjq and q are

the frequency and wave vector of phonons, respectively,

j � l and j � t1;2 label longitudinal and two transverse

phonon modes, respectively, sj is sound velocity, and N is

the Planck distribution function. In contrast to the case of the

bulk mechanism, which allows only the interaction with

longitudinal phonons in isotropic media, transverse acoustic

phonons contribute to the interactions of Eqs. (1) and (2) as

well.

Consider a QD of parallelepiped shape with transverse

dimensions Lx � Ly � L and thickness Lz. We restrict our

consideration to cubic QDs �Lz � L� and ¯attened QDs

(Lz p L). In order to obtain analytical expressions for the

relaxation rates, the conduction-band offset in the hetero-

junction system is assumed to be in®nite. This assumption

provided we separate the electron motion in all three spatial

directions. The numerical calculations of the relaxation rates

are carried out for ¯attened In0.53Ga0.47As QDs embedded in

InP serves as the 2D basis. For this semiconductor system

which has been considered in Refs. [1,11], we take into

account a ®nite height of potential barriers outside the

quantum well region.

In a QD with potential barriers of in®nite height outside

the dot, the effective-mass electronic wave function is given

by a product of harmonic functions sin (pnaxa /La ) where na

are positive integers that label the states, a � �x; y; z�: For

the ground state the set na equals (111). For the threefold-

degenerate ®rst-excited state in a cubic dot, it equals (211),

(121) or (112) (the x-, y- or z- states correspondingly) and

(211) or (121) for the twofold-degenerate ®rst-excited in a

QD with the shape of parallelepiped (Lz p L). The energy of

transition from the excited state to the ground state is E1 �
3p2"2

=�2mpL2�:
The continuum approximation for lattice vibrations as

well as the previously-given expressions for interaction

Hamiltonian hold when the length of the phonon wave

vector involved in scattering q0 � E1="sl is small compared

to inverse lattice constant b21. For In0.53Ga0.47As QDs, the

criterion q0b , 1 is satis®ed when L . 70 nm. For QDs with

sizes satisfying this condition, the wave vectors q0 of
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emitted phonons are found to be substantially larger than the

inverse dot size L21; i.e. Q0 ; q0 L/2 q 1. Analysis shows

that the phonons which are emitted due to transition from

the z-state have the wave vector oriented predominantly

along the z axis (similar to that for DP and MDP scattering

[1,11]). In cubic QDs, the matrix element of transitions from

z-state to the ground state due to emission of LA phonons is

expressed as

Mz � 1 1
mps2

l

D
Iz�Q�

 !
M�DP�

z ; �5�

where M�DP�
z is the matrix element for DP interaction, Q �

qL=2: The factor Iz (Q) comprises the contributions of

additional interactions given by Eqs. (1) and (2). For Q0 �
q0L=2 q 1; Iz � 2�4=�3p2��2�x 2 1�Q4

0: We see that the

partial contributions of all three types of interactions are

in phase. As a result, uMzu2 is not represented by a sum of

the squared matrix elements of the particular mechanisms

and it depends on the sign of D. Since for small pressure

dEg/dP . 0 [15], we will assume, based on Eq. (3), that

D , 0. Electron transitions from the x- and y-states give

the same contribution. The contribution of TA phonons to

the scattering rate was found to be smaller than the contri-

bution of LA phonons due to interaction de®ned by Eq. (2)

by a factor of the order of Q22
0 p 1: Neglecting this contri-

bution, one can express the total rate as a renormalized DP

scattering rate:

t21 � 211D2
cubL2mp5s3

l cos2 Q0

9p6"6r
�N 1 1�; �6�

where r is the crystal density and the effective DP constant

for cubic dots, Dcub, is given by

Dcub � D 2 �x 2 1� "2q2
0

4mp
. D 1 1

3E2
1

4mps2
l Eg

 !
: �7�

In obtaining the approximate expression of Eq. (7), we

have neglected the small contribution of the MDP inter-

action and used the relationship of Eq. (3). It is important

to stress here that the rates reported in Ref. [11] can be

obtained from Eqs. (6) and (7) if one assumes that x ; 0

(as we already indicated, x q 1) and in addition the inter-

ference between the DP and MDP mechanisms is neglected.

The interference term is of principal importance since under

the assumption x ; 0, the absolute value of Dcub should

decrease as the dot size decreases �Dcub , 0 for uDu q
"2q2

0

4mp �; turn into zero, and become positive for the limiting

case of small dots,
"2q2

0

4mp q uDu (these small dots were

discussed in Ref. [11]). The correct result with x q 1 in

Eq. (7) demonstrates that Dcub and the bulk deformation

potential, D, have the same sign, and that the value of Dcub

always exceeds the value of D. The effective deformation

potential in cubic QDs depends on the dot size, electron

effective mass and other parameters of a semiconductor

material.

Dependence of the phonon emission rate (6) on the dot

size is depicted in Fig. 11. In order to illustrate the distinc-

tion between different mechanisms more clearly, we replace

the rapidly oscillating function cos2 Q0 with 1/2. It is seen

that the conventional DP scattering (curve 1) dominates in

QDs of large size. When the dot size decreases, the corre-

sponding rate (Eq. (6) with Dcub � D� decreases as L2 due to

decrease of the electron form factor as L6. But due to the

rapid increase (as L26) of the contribution of substantially

nonlocal mechanism (2) (curve 2), the total rate (curve 4),

increases. It is seen also that the contribution of MDP

coupling (curve 3) is small. The scattering rates

associated with the bulk DP coupling and interface mecha-

nism of Eq. (2) are equal when the dot size is Lc �
31=2p"�x=�16mp3s2

l uDu��1=4: Estimation for In0.53Ga0.47As

QDs, Lc . 125 nm; shows that the dimensions of a dot for

which the emission rate due to mechanism of Eq. (2)

prevails over that of DP coupling still satisfy the long-wave-

length approximation.

Now consider parallelepiped shape QDs with transverse

dimensions Lx � Ly � L considerably exceeding their

thickness Lz. Electron transitions from x- and y-states yield

LA phonon emission with the rate

t21
l � 213D2

parL
2mp5s3

l sin2 Q0

81p6"6r
�N 1 1�; �8�

where the effective deformation potential is given by

Dpar � D 2 �x 2 1� "2q2
0

4mp
1 �x 2 2� p

2"2

2mpL2
z

: �9�

To obtain the rate (8) in the framework of the conven-

tional bulk interaction, one has to use a tensor deformation

potential, Dijuij, with Dxx � Dyy � Dcub and Dzz �
�x 2 2�p2"2

=�2mpL2
z �: The necessity of the two different

DP constants, in contrast to a single constant in cubic
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Fig. 1. Dependence of the acoustic phonon emission rates associated

with electron scattering via the different mechanisms of interaction

with acoustic phonons versus size L for In0.53Ga0.47As cubic-shaped

quantum dot at temperature T � 300 K : bulk deformation potential

(1), deformation dependence of electron effective mass (2), macro-

scopical deformation potential (3), and total interaction (4).

1 We use the following In0.53Ga0.47As parameters: D � 27:2 eV;

mp � 0:043 m0; sl � 4:3 £ 105
; st � 2:3 £ 105 cm=s; r � 5:4 g=cm3

:



dots, re¯ects the tetragonal symmetry of a parallelepiped

shaped QD. The size-dependent component, Dzz, coincides

with the effective DP constant [12] which leads to an intra-

subband scattering rate of electrons in a quantum well with

mechanisms (1) and (2) taken into account. Due to the

difference in the parity of the electron states participating

in intrasubband and interlevel transitions, the component Dzz

differs by a sign from Dcub which describes interlevel scat-

tering. This results in substantial suppression of electron

relaxation in a QD having particular sizes, L=Lz . Q0:

The rate of emission of TA phonons, t21
t ; due to pertur-

bation (2) is estimated as

tl

tt

,
xE1

D

� �2 st

sl

� �3 L

Lz

 !6

: �10�

It is seen that the emission of TA phonons can dominate

only in very ¯attened QDs with a large transverse size L. TA

phonons as well as LA phonons are emitted with wave

vectors oriented predominantly along the z-axis. The overall

phonon emission rate due to electron transitions from the

®rst excited states to the ground state in parallelepiped Ð

like shaped QDs as a function of the dot size L is shown in

Fig. 2. In a QD with in®nite potential barriers, the bottleneck

effect [1] is demonstrated by curve 1 which exhibits a drastic

reduction of the phonon emission rate in dots of small sizes.

Curve 2 shows that this effect vanishes when the phonon

induced variation of the electron effective mass is taken into

account. The arrow marks a feature where the total rate

appears to be smaller than the rate which corresponds to

DP interaction only. This unusual behavior of electron

scattering is caused by interference between the bulk DP

mechanism and the interface mechanisms. The dependen-

cies calculated for the QD with In0.53Ga0.47 As parameters

are presented by curves 3 and 4. It is important that the total

emission rate in this system, shown by curve 4, for dots with

small sizes exceeds the conventional theoretical result [1]

(curve 3) by an order of magnitude, providing for rapid

electron energy relaxation. The dominant role of the

additional mechanism (2) appears for dot sizes that satisfy

the continuum approximation for phonons and the electron

effective mass approximation. It is seen that the lateral size

for which the contributions of the mechanism (2) and the DP

coupling are equal remains practically unchanged when a

barrier height decreases and this transition size is close to

the corresponding size of cubic QDs.

The phonon emission rates in the parallelepiped-shaped

QDs with different thicknesses, Lz, are plotted in Fig. 3.

Curve 1 exhibits the bottleneck effect calculated in Ref.

[1]; curve 2 demonstrates its modi®cation caused by the

deformation dependence of the electron effective mass. On

comparing the pairs of curves -1, 2 and 3, 4 Ð one can see

that the phonon emission rate increases substantially when

the thickness Lz of QDs decreases. In summary, the

dominant and noteworthy phenomenon reported in this

paper is that mechanism (2) is more pronounced in narrow

QDs.
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