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Summary. — An original Monte Carlo study of the equilibrium microscopic and
macroscopic recombination cross-sections at shallow impurity centres is presented.
Both cross-sections are investigated in lightly doped p-Si as functions of the
temperature and ionized acceptor concentration. In order to treat genera-
tion-recombination processes we extend the semi-classical Boltzmann equation
through a simulation of the carrier motion in the energy-configuration space of an
impurity centre. The analysis of the scattering rates as a function of the total carrier
energy enables a microscopic interpretation of the capture process to be carried out.
The role of excited levels is naturally included and found to be of main importance at
increasing lattice temperatures. Numerical results are then compared with
available experiments and existing analytical calculations.

PACS 72.10.i — Theory of electronic transport: scattering mechanisms.

PACS 72.20.Jv — Charge carriers: generation, recombination, lifetime, and
trapping.

PACS 72.80.Cw — Elemental semiconductors.

1. — Introduction.

The recombination cross-section at shallow impurity centres assisted by acoustic
phonons is one of the most important physical quantities in determining the extrinsic
transport properties in semiconductors at low temperatures. The cascade-capture
model, originally introduced by Lax[1] and further elaborated by the Leningrad
group [2-4], is at the basis of the theoretical investigation of existing experimental
results. (Attempts to improve the caseade model allowing for the quantum nature of
transitions between energy levels have also been reported in ref. [5]. However, the
calculated cross-section was in large disagreement with experiments.) Despite
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significant success in interpreting experiments, the analytical approaches used so far
are, however, subjected to the following limitations. Within Lax’s approach[1] one
has to resort to the sticking function. This function accounts at a kinetic level for the
probability a carrier has to finally reach the ground state of the impurity without
returning to the conducting band, and its determination remains a complicated
affair[6-10]. As a result, the effect of excited impurity levels during recombination
remains hidden in spite of its recognized importance in determining the dynamics of
recombination [11] and low-temperature breakdown phenomena[12]. The Leningrad
group [2-4] has made use of a phenomenological energy-relaxation time to solve the
appropriate kinetic equation. They succeeded in providing analytical results of the
average capture cross-section, but only in the two asymptotic regions KT << ms? and
KT >> ms*® (m and s being the effective mass and the sound velocity, respectively). As
a consequence, in the intermediate region K7 =ms? which for the case of p-Si
treated here corresponds to the interesting temperature region centred around 2K, a
simple interpolation formula for the average capture cross-section has been provided.
Furthermore, the energy dependence of the differential capture cross-section is still
subject to controversy[13].

The aim of this paper is to present a new approach which, being free from the
above limitations, offers a more direct physical interpretation and opens new
possibilities of investigation. It consists in a simulation of the carrier motion in the
energy-configuration space of an impurity centre, thus resembling a molecular
dynamics calculation.

The paper is organized as follows: sect. 2 presents the theoretical model for the
evaluation of the scattering rates as a function of the carrier total energy. In sect. 3
the main features of the Monte Carlo simulation of the carrier motion in the
energy-configuration space of an impurity centre are presented. The problem of the
determination of the recombination cross-section is discussed in sect. 4. Section 5
reports our results for the average and differential cross-sections and a comparison
with the experiments and the analytical calculations available in the literature. The
main conclusions are drawn in sect. 6.

2. — Theoretical model.

The calculation of the recombination cross-section is based on a simulation of the
carrier motion in a total energy space, as shown schematically in fig. 1, where we
assume that the positive energy region corresponds to conducting states while the
negative energy region to bound states. This scheme accounts for both the kinetic
energy of the carrier and the potential energy of the impurity U(r) given by

o2
4drKKyT

@ Ulr) = -

y

where e is the electron charge with its sign, k the relative static dielectrie constant of
the material and x, the vacuum permittivity.
Accordingly, the carrier kinetic energy ¢ can be written as

@) e=E,~UW=E,+E}/x—E},

where E| is the carrier total energy (or simply the energy), E{; = ¢ /dnKy k17 is the
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total energy (Eg)

Fig. 1. — Schematic representation of a trajectory of an electron in the (total) energy space at
equilibrium. The full dots mark scattering processes via phonons with energy #w, that an
electron undergoes in the positive energy region where it moves freely. In the attractive
Coulomb field U(r) it is accelerated and at the distance , (measured from the charged centre) the
electron enters the negative energy region. The open dots mark transitions between the energy
levels of the impurity centre in the negative energy region where the electron is considered as
trapped. All transitions are assumed to occur instantaneously in space and time (transitions in
the negative energy region are supposed to occur at the impurity site). The insert shows the
energy level E associated with the fluctuational Coulomb potential of the impurity.

Coulomb energy at » = 7 (with 7 = (N7 )" the mean radius of one impurity) due to
the randomly distributed impurities, Ny is the ionized 1mpur1ty concentration, oc =
=7/7; is a dimensionless distance. In eq. (2) the energy is measured from E to
account for the fact that the carrier is really bound only for E < E because of the
overlap among different impurity centres.

As long as the distance between the excited levels around KT (K being the
Boltzmann constant and T the lattice temperature) is negligible with respect to both
the ionization energy E\” and the thermal energy KT, the energy re%'lon from the
bottom of the conducting band to, let us say, the first ionized level B\’ = E{®/4 can
be cons1dered as a continuum spectrum. Therefore, within the temperature range
KT < E{", the semi-classical approach (Boltzmann equation) can be applied in the
whole energy region covering the conducting and the bound states[3].

To perform the simulation in the total energy space, we evaluate the scattering
rate as a function of the carrier total energy. This is accomplished by making a space
average which, for a single Coulomb centre, is given by the following rule[3]: given a
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TABLE 1. — Parameters for p-Si used in calculations[15], my is the free electron mass.

effective mass my, = 0.53 = 1.26m,

crystal density co=2.32gem™
sound velocity s =6.53-10° cms™!
relative static dieletric constant k=117
acoustic deformation potential E{=5eV
energy of the impurity ground state E =45meV
function A(e), the corresponding A(F,) is determined as

[a@rar
(3) AE) = (A©))gppee = ——— =3 f AE,+E{/x—E{x?da,

frz dr 0
0

where the integration domain is the volume belonging to one impurity and . is
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Fig. 2. — Scattering rates as functions of the (total) carrier energy in p-type Si for a temperature
T =10K. The continuous and dotted curves refer to the processes of acoustic-phonon emission
and absorption, respectively. The couples of curves labelled 1, 2 and 3 are obtained for an ionized
acceptor concentration of respectively Ny = 10'%, 10! and 10'® em™3. The dashed line refers to
the scattering rate for the process of acoustic-phonon emission for Ny = 0. The curve for the
process of acoustic-phonon absorption for Ny = 0 is found to nearly coincide with the dotted

curves for E,=0.
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determined by the constraint ¢=0, i.e.

f
Cpax =1 for B = —Eof and  x,, =— ——E'L? for —E’I(1> <E,< —EOf *).
E,- E 0

The above scheme is applied to the case of p-type silicon at temperatures below
77K so that the condition KT < E\" is fulfilled. A single spherical band model, the
heavy holes, with a temperature-dependent effective mass m, which accounts for
nonparabolic effects, is used[14]. We remark that, being at equilibrium, we do not
need to follow the momentum of carriers so that only changes of E, due to scatterings
are important. Therefore, elastic-scattering mechanisms, such as ionized impurities,
can be neglected in the simulation. Table I reports the values of the parameters used
in the simulation[15].

Figure 2 shows the energy dependence of the scattering rates for acoustic-phonon
emission and absorption processes at the temperature of 7=10K for the ionized
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Fig. 3. — Scattering rates as a function of the (total) carrier energy in p-type Si for a temperature
T =50K. The continuous and dotted curves refer to the processes of acoustic-phonon emisssion
and absorption, respectively. The couples of curves labelled 1, 2 and 3 are obtained for an ionized
acceptor concentration of, respectively, Ny = 103, 101 and 10'® em 3. The dashed line refers to
the scattering rate for the process of acoustic-phonon emission for Ny = 0. The curve for the
process of acoustic-phonon absorption for N = 0 is found to nearly coincide with the dotted
curves for E,=0.

(*) Here the Coulomb potential for a single impurity has been cut off at —E{;. However, more
generally, the Coulomb potential for a single impurity should be cut off at the percolation energy
value [10], which leads to a somewhat larger volume average than in our case.
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acceptor concentrations respectively of Ny = 10'3, 10** and 10 em™3. Figure 3 shows
analogous results at 7=50K.

As seen from these figures, the presence of the impurities is responsible for a tail
of the scattering rates in the negative energy region, this tail being more pronounced
at increasing concentrations. We notice that at T=10K (see fig. 2) the curves
corresponding to P& and P2 cross in two points which slightly depend on the ionized
acceptor concentration: one in the positive and the other in the negative energy
region; we denote the corresponding energies EJ and Ej, respectively. In the
positive energy region, when E,=E, it is P =P and, when E,<E{, it is
P2 < P2, This behaviour of the scattering rates implies that, while wandering in the
positive-energy region the carrier mean energy, as expected by detailed balance,
always relaxes to 3 KT/2 which is close to E .

In the negative energy region when E, < E; it is PS™ = P2 and, when E, > Ej, it
is P&™ < P2, This behaviour of the scattering rates implies that while wandering in
the negative energy region if E,> E; absorption processes prevail and the carrier
tends to come back in the conducting band thus being generated (pseudogenerated
because to have a true generation the carrier should come from the ground state). On
the contrary, if £, < E; emission processes prevail and the carrier tends to penetrate
more deeply in the negative energy region, thus finally sticking to the ground state of
the impurity levels (true recombination).

The situation is different at T'=50K (see fig. 3): here the scattering rates have
only the crossing point (E;") in the positive-energy region. Therefore, at high
temperature carriers exhibit the tendency to go to the conducting band rather than to
the ground state of the impurity from any excited state.

3. — Monte Carlo simulation.

The Monte Carlo procedure follows the standard steps[16]. A carrier with initial
thermal energy makes stochastic free flights determined with the self-scattering
procedure. Absorption and emission processes are determined according to their
respective rates. Once a process is selected, the energy of the acoustic phonon
involved in the transition should be determined. To this end, we must evaluate the
kinetic energy of the carrier just before scattering. This is a complicate problem,
because from eq. (2) the kinetic energy strongly depends on the position of the carrier
with respect to the impurity centre. For this purpose, we have devised the following
procedure. Just before the scattering we evaluate the minimum value attainable by
the kinetic energy ¢, = E,+ E{/x,. — EL. The position of the carrier relative to the
impurity centre, x,, is then selected as uniformly distributed between X, and ®,,
with the rule

(4) Ty = Lppin + (xmax - xmin) r,

where »_ =E//E__ (E_,_ is the maximum value of the energy considered in the
simulation) and r is a random number uniformly distributed between 0 an 1.

For absorption processes, the corresponding value of <(x,) =, is accepted
provided the following rejection condition, which weigths appropriately the
absorption probability with the available phase space, is satisfied:

(5) Paag) (5r) mf/[P:cb (Emin) xr%lax] >7r.



TFIRST-PRINCIPLE CALCULATION OF THE RECOMBINATION CROSS-SECTION ETC. 653

For emission processes, the value of ¢, is analogously accepted provided the following
rejection condition is satisfied:

®) P (e w2 /£ (e) > 7
with
FE(e,) = P& (emin) Frmax » for ¢, = 3mys?,
M em 9
ac (&) = fmax » for ¢, <3mys”.

Since for emission processes P& (c,) — 0 for ¢,— 0, the maximum value of PZ" (¢,) x2,
here called f,., is determined numerically in the lowest-energy region
e < Smh S 2.

The energy of the acoustic phonon involved in the transition is then determined
with the following procedure. Let us consider the case of the absorption processes.
From the knowledge of the carrier kinetic energy just before scattering, e, the
phonon energy e, which in the dimensionless variable y is given by ¢, =y KT, is
generated as uniformly distributed within the range of values allowed by momentum
and energy conservation, ¥ <y <yip, as

' (8) y= (Y —y2)r+yx
with
© y®=0, for y, =y, ,
yr?lb = 4(% - yr) Ys » for Yr<Ys,
(10) yif = 4y, + Y)Y

where ¥, = (¢,/KT)/? and y, = (my,s%/2KT)V/>2.

The value of ¥ so determined is accepted provided the following rejection
condition, which accounts for the appropriate joint probability of finding the phonon
energy for a given carrier energy, is satisfied:

2

Y

11 _— < ab ,},.’

1) oplg=1 <o

where

(12) 9(yi) = (i #/lexplyip 1 - 11, for y® <1.6,
9(yit) = 0.65, for yi’ > 1.6,

For emission processes, the energy of the acoustic phonon involved in the transition
is obtained in an analogous way. In this case, ¥ is generated as uniformly distributed
within the allowed range of values 0 <y < yy" as

(13) Y=yar
with

(14) =AY, — Y Ys -
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The value so determined is accepted provided the following rejection condition is
satisfied:

2 em \2
Y < (ym

(15) r
1—exp[-y] 1-exp[-yxi"

4. — Determination of the recombination cross-section.

- The determination of the (velocity) average capture cross-section z,, follows from
its definition in terms of the recombination time, <, through the standard
relationship (3, 17]

(16) a:ac = T'er—l— <U>_1 ’

where (v) = \/8KT/=m, is the average velocity of carriers at equilibrium.

Thus the main task of the present approach is to define 7,. The most natural way of
doing so is to caleulate 7, from the ratio between the time the carrier spends in the
valence band and the number of transitions which the carrier undergoes in the
negative-energy region. For illustrative purposes, fig. 4 reports an excerpt of the
time evolution of the carrier energy as given by the Monte Carlo simulation for a
temperature 7'=10K and an ionized acceptor concentration Ny = 10'® em™®. In the
negative-energy region the carrier has two possibilities: i) to spend some time in the
upper excited levels and then come back to the conducting band; ii) to penetrate far in
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Fig. 4. — Excerpt of the time evolution of the carrier (total) energy as given by the Monte Carlo
simulation for a temperature 7' = 10 K and an ionized acceptor concentration N5 = 10* em™3, The
dashed line represents the energy level Ey = —KT for T=10K.
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the negative-energy region, that is where E,< —KT. Both these possibilities are
shown in fig. 4.

Case ii) corresponds to the concept of a real capture and, when this occurs, we stop
the simulation of the given particle and generate a new one in the conducting band
with a velocity determined from detailed balance. Detailed balance is accounted for
with the following self-consistent procedure. When, because of acoustic absorption
process, the carrier will go from the negative- to the positive-energy region, we have
a generation (pseudogeneration). Accordingly, we construct the normalized
histogram of the number of transitions to the positive-energy region per unit energy
interval u(Hy,). These histograms, which are shown in fig. 5 and 6 for the different
temperatures and impurity concentrations reported, are then consistently used to
determine stochastically the final energy of the new carrier generated in the
conducting band according to case ii). All the histograms exhibit a maximum just
below 0.5 meV while for increasing energies they tend to zero. The energy at which
the curves reach their maximum values is associated with the average phonon energy

involved in the transition which is of the order of \/KTm;s% Indeed this energy
slightly shifts at higher values with increasing temperature for a given impurity
concentration (see fig. 5). The tails of the three curves for increasing carrier energies
are more pronounced at both increasing temperatures and impurity concentrations.
In this latter case (see fig. 6) this effect is associated to the increased density of states
in and near to the zero (total) energy region.

In accordance with the above two possibilities we introduce two different times of
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Fig. 5. — Normalized histogram of the number of transitions from the negative to the positive
(total) energy region as a function of the (total) carrier energy as obtained from the Monte Carlo
simulation in p-type Si for an ionized acceptor concentration Nz = 10'® em 3. The continuous,
dashed and dotted curves refer to the temperatures of, respectively, =2, 10 and 50 K.
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Fig. 6. — Normalized histogram of the number of transitions from the negative to the positive
(total) energy region as a function of the (total) carrier energy as obtained from the Monte Carlo
simulation in p-type Si for a temperature T'=10K. The continuous, dashed and dotted curves
refer to the ionized acceptor concentrations of, respectively, Ny = 10'?, 10 and 10* em™2.

recombination, 7,; and t,,, which, from eq. (4), define two different cross-sections oy,,
and @, While the former accounts for all the transitions to E,<0, the latter
accounts only for those transitions, among the former ones, which lead the carrier
along the ladder of excited levels to E,< —E,, where E, is a cut-off energy of the
order of KT. As a general trend it is o9y, < 715, and o, depends on the value of £; in
any case, as we shall see later, the value of 5, tends to saturate at increasing values
of E..

Finally, by constructing the normalized histogram of the number of transitions to
the negative energy region for a given initial energy, v, (E;), the simulation enables
us to determine the differential capture cross-section o, (%y) as a function of the
carrier energy which, for the case i), is given by

KT Ey | 2
amn Olac (EO) = f()— €Xp I: R_OT :| ﬁalac V1 (EO) .

It is easily verified that eq. (17) satisfies the definition of 7y,. given by

(18) Tlge = <Glac (EO) U(E0)>/<U(E0)> .

Of course, an analogous procedure can be used to determine o, (Ey). Figures 7 and 8
show v; (E,) for the temperatures and the ionized acceptor concentrations reported,
respectively. Again all the histograms exhibit a maximum while for increasing
energies they tend to zero. The physical reasons for this behaviour are the same as for
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Fig. 7. — Normalized histogram of the number of transitions from the positive to the negative
(total) energy region as a function of the (total) carrier energy as obtained from the Monte Carlo
simulation in p-type Si for an ionized acceptor concentration Ni = 103 em™3. The continuous,
dashed and dotted curves refer to the temperatures of, respectively, 7=2, 10 and 50K.
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Fig. 8. — Normalized histogram of the number of transitions from the positive to the negative
(total) energy region as a funection of the carrier (total) energy as obtained from the Monte Carlo
simulation in p-type Si for a temperature T'= 10 K. The continuous, dashed and dotted curves
refer to the ionized acceptor concentrations of respectively N = 102, 10" and 10™ em™2.
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the histograms of u(&,) (see fig. 5, 6). According to eqgs. (3.1)-(3.3) of ref. [17] it is easy
to show that v;(E,) represents the normalized probability of recombination at
equilibrium for a carrier with energy E,.

5. — Results and discussion.

A significant test of the procedure used is the calculation of the energy
distribution functions. We have found a good agreement with the expected
Maxwell-Boltzmann shape, apart from the lowest negative energy region. Here,
because of the cut-off procedure and the numerical uncertainty in the determination
of the density of states, the expected shape cannot be reproduced. Overall the general
agreement found supports the physical plausibility of the procedure here used.

Figure 9 shows the dependence of oy, on E, as obtained from calculations. It
demonstrates that in most cases the high excited states exchange carriers in practice
only with the conducting band. We believe that the saturation value of oy, should be
taken as the recombination average cross-section associated with the true capture.

The temperature dependence of the two average capture cross-sections defined
above is shown in fig. 10, together with the analytical result of eq. (5) in ref.[3] and
with available results in the literature referring to the shallow acceptors boron and
gallium. Theoretical calculations, which have been performed for an ionized acceptor
concentration Nj =10 em™, show that 7, is systematically smaller than oy,..
Furthermore, the dependence on temperature of the former exhibits a steeper
decreasing behaviour. Consistent with our model, these results reflect the different
role we have attributed to the excited states in defining the average capture
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Fig. 9. — Average capture cross-sections in p-type Si as a function of the cut-off energy in the
negative-energy region for an ionized acceptor concentration N = 10 em™ and a temperature
T =2K. Continuous and dashed lines represent o, and a,,,, respectively (see the text). Bars
indicate the uncertainty of the caleulations.
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Fig. 10. — Average capture cross-section in p-type Si at equilibrium as a function of temperature.
Curves report the present calculations performed for Ni =10%cm™ and symbols the
experiments of various authors [3]. The continuous and dashed lines refer to oy, and oz, obtained
for E, = — KT, respectively (see the text). The dotted line represents the behaviour predicted by
eq. (5) of ref.[3] obtained with an effective mass my, = 0.53m,.
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Fig. 11. — Differential capture cross-section in p-type Si as a function of the dimensionless energy
£=2E,/my,s?at T = 5 K. Symbols report the results of the Monte Carlo simulation obtained for
an ionized acceptor concentration Ni = 10'® em™%; full and open circles refer to sy, and g,
respectively (see the text). Continuous and dashed curves report the analytical calculations of
Lax and Khan-Bhattacharya models, respectively[14].
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cross-sections. We notice that the experimental results lie between the two
theoretical curves and that, at lowering temperatures, Monte Carlo results agree
with experiments better than formula of ref. [3]. However, the fundamental question
arises: what do experiments really measure? It can easily be argued that, as a general
trend, the experiments should measure something intermediate between sy, and o,
this latter quantity representing a smallest asymptotic limit. Indeed, a more critical
use of eq. (16), for what concerns the physical meaning of the characteristic time the
experimentalists substitute for z,, should lead to a reinterpretation of most of the
data appeared in the literature. Thus, we conclude that our caleulations provide a
physically well-founded scheme for the interpretation of the recombination
cross-section at shallow impurity levels. In particular, we do not need to exploit the
sticking function (which has been an open source of controversy in the
leterature [1-10]), since sticking processes are self-consistently accounted for in our
simulation.

The energy dependence of the recombination cross-sections calculated from
eq. (17) are reported in fig. 11 together with the analytical results of Lax[1] and
Khan-Bhattacharya[13]. Here, for the purpose of providing a universal formulation,
the dimensionless energy £ = 2E,/m,s® is introduced. According to the results for
the average cross-sections, oy, (£) is systematically larger than oo, (¢). Furthermore,
both o, (&) and oy, (¢) exhibit a steeply decreasing dependence with increasing
energy, which reflects the dominant importance of low energetic carriers in the
process of recombination. We notice that present results are intermediate between
those of ref.[1] and[13]. Indeed, at low energies we agree with[1] while at higher
energies. the present results better follow those of[13].

The present calculations enable us to investigate also the dependence of the
average capture cross-section on the impurity concentration. Our results for
10 em™2 < Nj < 10 em™3, which are reported in fig. 12, show that 5,,. increase
almost linearly at decreasing ionized impurity concentrations, while 7., tends to
saturate. This could explain the larger cross-sections measured by Norton[18] with
respect to those obtained by Levitt-Honig[19]. It is important to stress that the
uncertainty in the definition of the capture cross-section (see eq. (16)) reflects the
uncertainty in the experimental measurements of z,. As we have shown above, there
is no rigorous definition of this quantity and, as a matter of fact, different
experimental methods give different values for «,. Let us consider, for example, the
case when 7, is derived by measuring the relaxation of photoconductivity after
far-infrared excitation of carriers from impurities to the conducting band. In this
experiment the population of excited impurity levels plays a decisive role. As a
consequence, if the measurements are performed at the long time tail of the current
relaxation, it is possible to measure recombination times close to 7,.. On the other
hand, if the measurements are performed just after the pulse light is switched off,
recombination times close to 7,; are measured. In this last case an initial fast decrease
of the current relaxation is associated with capture of carriers by the excited impurity
levels. However, after an elapsed time of the order of several <,;, carrier generation
from these excited levels becomes important. This leads to a subsequent slower
decrease of the current relaxation which implies a longer recombination time.
Therefore, any characteristic time between z,; and r,, may be measured depending on
the light pulse duration, on the interval of time used for measuring the current
relaxation and on the delay time after the light pulse is switched off. In the old
experiments available from the literature researchers did not pay attention to these
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Fig. 12. — Average capture cross-section in p-type Si as a function of the ionized acceptor
concentration as obtained from the Monte Carlo simulation. Full and open circles refer to the
temperatures T' = 2 and 10 K, respectively. Continuous and dashed curves refer to s,,, and os,,,
respectively (see the text).

peculiarities, thus it is actually impossible to clarify which time was originally
determined.

6. — Conclusions.

In this paper we have presented a molecular dynamics calculation as a novel
numerical method to study the recombination cross-section of free carriers at ionized
shallow centres assisted by acoustic phonons. The essence of the method enables us to
avoid any approximate solution of the kinetic equation and clarify the fundamental
importance of excited levels in the determination of the capture cross-section. The
theory is specialized for the case of p-type Si at different temperatures and ionized
acceptor concentrations. The satisfactory agreement obtained with available
experiments and the clarity of the physics underlying the calculations gives us
confidence in predicting that this technique will be further developed to account for
refinements in the theory.
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