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The conductivity and magnetoresistance (MR) of a many-valley semiconductor are cal-
culated for the case when electron scattering on impurities and on the electrons of the same
and of the other valleysis characterized by different coupling constants. It is shown that,
with increasing anisotropy of the ellipsoidal energy surfaces, the contribution of the elec-
tron—electron scattering grows rapidly and MR decreases. The ratio of the coupling con-
stants may be determined unambiguously through analysing the stress dependence of the
conductivity and of MR in these semiconductors. The piezomagnetoresistance is shown to
increase along with growing electron—electron scattering.

Es werden Leitfdhigkeit und Magnetowiderstand (MR) eines Vieltalhalbleiters fiir den
Fall berechnet, wo die Elektronstreuung an Storstellen und mit Elektronen desselben und
der anderen Téler durch unterschiedliche Kopplungskonstanten charakterisiert ist. Es wird
gezeigt, daB mit steigender Anisotropie der ellipsoiden Energiefldchen der Beitrag der Elek-
tron—Elektronstreuung stark zunimmt und MR abnimmt. Das Verhédltnis der Kopplungs-
konstanten 148t sich eindeutig durch cine Analyse der Spannungsabhingigkeit der Leit-
fahigkeit und der MR in diesen Halbleitern berechnen. Es wird gezeigt, dal der Piezo-
Magnetowiderstand zusammen mit wachsender Elektron—-Elektronstrenung zunimmt.

1. Introduction

Reference to a number of studies [1 to 6], concerned with calculations of the
transport coefficients of heavily doped one-valley semiconductors, shows that
one should necessarily take into account both electron—electron (e—e) scattering
and that on impurities. The e—e scattering giving rise to a momentum exchange,
its increase results in equalizing the electron momenta. Since the transverse MR
is due to the counterflows directed perpendicularly to the current.J and to the
magnetic field H, the e—e scattering essentially decreases MR, equalizing the
transverse momenta (reducing their values and even nullifying them in the
limit of intensive e—e scattering). Thus, as it was indicated in [6], MR is much
more affected by e—e scattering than the conductivity, the latter being not very
sensitive to the randomisation of electron momenta. A similar strong influence
of intervalley e-e!) scattering on MR should be expected in many-valley
semiconductors.

Actually with intense intravalley scattering and without intervalley one the
electrons of each valley attain their specific momentum value; then MR stems

1) It is to be pointed out that here the intervalley e—e scattering is understood as that
leading to a momentum transfer all electrons remaining in their valleys. Both the e—e and
impurity scattering accompanied by intervalley electron transitions are neglected as they
need much greater momentum transfer.
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from the many-valley character of the band structure, i.e. from electron coun-
terflows of different valleys in the transverse direction (perpendicular to J and
to H). The intervalley scattering which equalizes the electron momenta in
different valleys reduces MR essentially. Therefore it may be possible to evaluate
the intensities both of the intravalley and intervalley scattering knowing the
magnitudes of MR and conductivity; a straightforward calculation of the latter
is given below.

2. Solution of the Boltzmann Equation

In line with [5] we present the distribution function f¢*)(p) of electrons in
the « valley in the form

[ (p) = fole) [L + FO(p)]; [FO(p) <1, (1
where f,(¢) is the equilibrium Boltzmann distribution function, & and p are the
energy and the crystal momentum. The Coulomb scattering being dominant,
one readily obtains, in the framework of ordinary routine, the Boltzmann
equation for F(p):
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Here ¢ = |e| stands for the electron charge, 4 is the number of the valleys,
Nyp 18 the impurity concentration, £ and H are the vectors of electric and
magnetic fields. The terms on the right hand side of (2) describe the impurity
scattering [5] and e-e scattering |5, 7], respectively. In contrast to [5, 7] where
the same coupling constant B = 2me* In (h/b,) (b is the radius of screen-
ing, b, = €2/(3kT") is attributed to the different above-mentioned scattering
mechanisms, here the impurity scattering (B,,), the intravalley e-e scattering
(B,s) and the intervalley c-e scattering (Bag,srs) are described by different
parameters. In this study we escape calculating the parameters Bpy Bas, and
B,; and discussing physical reasons for their difference, yet we shall indicate
an experimental possibility of determining their ratios (Bua/Bags Bua/Bp) bY
having estimated galvanomagnetic effects. Concerning the disparity between
B,y and B,, arising from the difference of the static and h.f. dielectric permittiv-
ities, see, for instance, p. 113 in [9] and [10]; B, and B, may differ only
due to their being obtained by averaging the Coulomb interaction potential
over the Bloch functions of a given valley (B,,) or of different valleys (Baz)-

For simplicity we confine ourselves to considering semiconductors of n-Si
type where the valleys are situated on mutually perpendicular axes.?) The
treatment of the Boltzmann equation in presence of the e—e scattering is dis-
cussed in detail in [5, 6]. In agreement with these studies, F(*)(p) may be pre-
sented as follows:

F(p) = -

I T ¢
ell, 1/711_1__ (P SO Lop s Al 1?) , (3)
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2) Below two valleys (xa’) of a semiconductor such as n-Si arranged on the same axis
<100> one valley (x) are considered; hence, By, and B,g should be understood as 4{(Bxx+
+ B(X'cx’) a’nd as BO(H [J) # &, 0"5 ﬂ/-
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where € and 4% are the unknown parameters of the distribution function,
m | (and below m)) is the transverse (longitudinal) effective mass on the ellip-
soidal isoenergetic surface. Then, multiplying (2) successively by vg and vy efkT
and integrating over all p in the system of (100} axes, we get?)
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Here Iy, — E,/E, (the current is assumed along the z-axis and E,is the external
tield), I = efc I Yajm | (KT)2(Buyy) '
The coefficients of (4) are presented in the Appendix. These equations should
be supplemented by requiring absence of a transverse current: 7. = 0. The

current j = Y jo = -- ¢ 3 ©f*)(p) is expressed in terms of € and A®) ag
follows: @ P
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Here n is the electron concentration.

3. Results

3.1 Many-valley semiconductor with isoiropic valleys (d = my/m | = 1)

To investigate the contribution of the intervally scattering to the galvano-
magnetic effects, we consider, at first, a scmiconductor with 4 isotropic valleys.
Using the equalities (A.2), the equations (4) are easily solved and the following
expressions are obtained for the conductivity og= 0us (H = 0) and for the
transverse MR Ac/o, = (6, — on)/o, in weak magnetic field

> 1\ 7 "
Vid =1,4) = [1 ISR E AL b] [1 R ] . (6)
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Hereafter V = gy/ou, is the conductivity and W =|—-1/{-— is MR,
np

measured respectively in units of % %
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with b = (Bsa/Bup) (1), b’ = Bus|Bss (see A.1). In the isotropic case m in
the expressions (8) is replaced by the isotropic effective mass m | = m *,

3)7[‘% equ;xtions (4) hold for semiconductors with isotropic and arbitrarily arranged val-
leys. For instance, in the mj —'m approximation they may be applied to n- and p-type
PbS possessing four roughly isotropic valleys both in the n- and p-bands.
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Considering (6) and (7) leads to the following conclusion. 1. In the range of
dominant Coulomb scattering the conductivity increases just as slowly as
In » (the ratio n/n,, is assumed constant), whereas MR decreases as fast as
(In n/n)? (see also [6]). 2. MR is affected by e-e scattering far stronger than the
conductivity. With b varying within a wide range of values from b; < 1, when
the e—e scattering is negligible for instance, because of compensation (n <€ n,,)
up to by, > 1, when e-e scattering prevails [9], the conductivity decreases 13/4

4 b'(A— 3
times and MR is reduced by a factor of (1‘3) 2V2 [1 +—(;— J > 1 and

tends to zero as b3, 3. If &’ == 1 the conductivity and MR depend on the number
of isotropic valleys. Consequently, for investigating the intervalley e—e scattering,
it is necessary to modify the number of populated valleys, other things being
equal.

Since the number of populated valleys in a many-valley semiconductor can be
changed by external pressure, below we shall calculate the conductivity and MR
in a deformed semiconductor of n-Si type.

3.2 One-valley anisotropic semiconductor

Let a semiconductor such as n-8i be highly compressed along the z-axis
Ago s — Ae 20 (0827 — 08%) 4> kT, where 0y, and 1, are the components
1 7 N E

of the deiormatlon potential tensor in the «-valley and of the deformation
tensor in the system of x, y, z-axes), respectively), so that it transforms into
a one-valley (¢ = 1) subs‘oance [11]. Then we get from (4) and (5)

8 [/2 137, + L,
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Analysing equation (9) reveals that, with increasing d-anisotropy of constant-

energy surfaces, e-e %atterlng becomeq progressively significant and for
d}b it dominates (Ly>> T'y, see (Al,) (A2)) determining the limiting values of

53 -1
Vi — < Vid=1)and of W — 6‘(1db1? (1 1 ?g b) , tending to zero as (db)~2
X

9)
Wi =1 =

3.3 Two-valley semiconductor

For a two-valley semiconductor produced by strong dilatation ((Ag —
— Aégg3) > kT of asemiconductor such as n-Si along the w-axis (the current
flows on the (100> direction and the valleys situated on ¥, z-axes remain un-

affected), we obtain from (4) and (5)

V()—Z)-8V§ 137, + L + ¥, — @
TR0 TY04AT, L+, — D)
4-169

15 7m 2Ta (0,004 1y Ly W, — @) (13 Ty + Ly + ¥y — @) 7.

(10)

Wi =2)=

(11)
The explicit expression for §, is presented in the Appendix (A.3). Here again,
similarly to the one-valley case, with increasing d the contribution of e-e
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Fig. 1 Fig. 2
Fig. 1. The ratio of the two-valley to one-valley conductivity V(A = 2)/V(4 = 1) versus
the relative contribution of the e—e scattering b, for different values of the parameter b’
determining the relative contribution of the intervalley e—e scattering: L o’ = 1; TL. " =
= 0.5; III. & = 0.1; IV. ¥’ = 0, solid, dashed, and dash-dotted curves correspond to d =
= 4.68 (n-Si), d = 1 (isotropic semiconductor), d>-1,1/b (high anisotropy case), respectively
Fig. 2. Ratio of the two-valley to one-valley MR WL = 2)/W(i = 1) versus b. The designa-

tion of curves here and in Tig. 3, 4 is the same as in Fig. 1

scattering grows progressively and for d> 1, 1/b (Ly> T,) W tends to zero
as (db)~.

Fig. 1 shows, for three values of d (d = 1 isotropic case, d = 4.68 the case
of n-Si, and d > 1, 1/b the case of high anisotropy), the ratio VA=2/ViAd=1
of the conductivities of the two-valley and one-valley semiconductors versus lg b
where b presents the relative contribution of e—e scattering which is taken as
a parameter. Fig. 2 gives W(4 = 2)/W (4 = 1) as a function of 1gb only for
two values of d, because W(1 = 2)/W(A=1) = db>1,ifd > 1/b.

3.4 Three-valley semiconductor

The formulae for the conductivity V(4 = 3) and for MR W(% = 3) of an
andeformed semiconductor such as n-Si can be easily derived from (4) and (5).
These expressions being rather tedious, we limit ourselves to the plots of ¥V (1=3)/
V(a=1) (Fig. 3) and of W(i==3)/W(d= 1) Fig. (4), which are merely the
piezoresistence and the piezo-MR for the case of strong compression along the
z-axis (see Section 3.2). At high anisotropy the piezo-MR becomes very great

W@a=3,d>1, 1/b) | _ .
[W( =1, d>1, 1/b)]~ (ab)* > 1
for this reason it is not plotted in Fig. 4. Analogous ratios ViA=3)/VFA=2)
and W(2=3)/W (4= 2), i.e. the piezoresistence and the piezo-MR in the case

of strong dilation, can be easily obtained from Fig. 1, 3 and Fig. 2, 4.

4. Conclusions
From Fig. 4 it can be seen that the piezo-MR grows along with increasing
e—e scattering and anisotropy of isoenergetic surfaces d. It should be noted
that increasing d results in a relative enhancement of the contribution of e-e
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pond to thosc of the Fig. 1
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Fig. 4. Ratio of three-valley to one-valley MR versus 0
b. The curves correspond to those of the Fig. 1. 7 -7

W= 3)/Wi=1)

scattering (provided b and b” are invariable), since the coefficients L, and ¥,
which describe the intravalley and intervalley scattering, are proportional to d
(see Appendix), while all other cocfficients (including 7' ) vary slightly with d.
Therefore, with db> 1, the inequality L, T » holds (with dbb’ > 1, ¥, > 1" 5)
and e—e scattering becomes dominant. This being the case, A <€ €™, as it
follows from the second of equations (4); then only the first of equations (4),
which describes the conservation of momentum, should be solved consistently
with the requirement j; = 0. In a one-valley semiconductor the condition
j 1 =0 together with (5) results ¢ | =0 and in vanishing MR (W = 0); then
only C; should be calculated from (4). In the two-valley case, from j | = 0 it
follows that C'P + O = 0 yet, (4) indicates the valleys 2 and 3 to be equi-
valent, and the situation appears similar to the one-valley case. In the three-
valley case all the three C{” are different, therefore, the equality 3 C9 = 0 leads

o
to 0% 4= 0 and, with vanishing total transverse current, the current in each
valley and MR differs from zero either. Thus, it is the many-valley band struc-
ture and the difference of Hall angles in the different values that give rise to
MR and just in this situation as it is seen from Fig. 4, MR is badly affected by
the intervalley e—e scattering.

Fig. 1 to 4 and equations (6) to (11) show that stress analysis of the conducti-
vity and of MR seems rather advantageous for determining & and &’ unambi-
guously, provided d is known. The magnitudes of the conductivity and of MR,
which correspond to other orientations of the current (different from the j|{<{100>
situation,discussed above), may be easily obtained using (4) and (5). Note
that in the limiting case of classically strong magnetic fields the e-e scat-
tering is eliminated at all. At I/ — co we have

4 8)2 1
Vid =12 = Wv:h:"gyvi’
2
8y2 1 I
o=t TS50 @y
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respectively for an isotropic semiconductor with arbitrary number of valleys
and for the one-valley, two-valley, and three-valley cases considered above.
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Appendix
The following relations hold between the coefficients of equations (4):
RY = Ry = R = R,; R{)= R} = R{) =R = Ry} =R})=R,,
S;liz) . g(l .8 S(2 1) S(JZJa) S(% 1) S(s »2) S3 ,
Si}yz) S% +8) S(z 1) S (2,8) S(a 52y g;&;cl) — 92 ,
S(Z; $2) S(l 58) — Szg 21y S(° »3) _ S(3 s 1) SEcSLQ) — Sl;
R=LT, S=K, M, N, o, ¥, N,= K,, N,=K,,
N, =K,, M,=M,, D, = @y, Yi = "?;

Here the valleys 1, 2, 3 are oriented along the =z, y, 2-axis, respectively, and

N,,;.

a —~ . a 1
leﬁgl, T, =al2g,, leb—s);(g1+§g2+1»d‘1),
20 1. 9 P
L, = 5} gz—q——dg1 , Jlil“*—]/d 1arcto}d—l,
92:—1—1—1 1arctg1/d—1
2a" 1 a ;
My=b=- 0|1 (Lt dx), My=b—-b[~1+ 34— 1),
7 a , 19d 4 15 494 — 15
= =b—p — e 1 d) s,
e (+1)[1 194 =15 ¢ ‘d)”}
29d + 17 63d — 17
—=b b T 2 (L d) x|,
X bzb (d+1)[ ! 29d+17(+)"]
B _p & g NP — 49 1 40 | o 1018 — 3842 — 994 + 40
1= "5 8d(d + 1) - T 11d® — 49d + 40 I
oy @y 21+ 10d — 27 —153d3 — 279d2 + 413d - 27
270507 160 4 1) - 21d% 4+ 10d — 27 I YA
g g @ 29042 —283d — 4 357d3 + 566d? 4 213d 4 4
VAT 8did - 1)2 2914 + 283d — 4 N
a’ |, 36d% — 133d2 -+ 166d + 211
Vo =bg7? 16+ 1) e
S 104d% + 17d8 4 471d2 + 283d — 275
a 56d — 133d% -+ 166d + 211 ’
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@, 6950 - 1054d* + 2280 -8
5 16 + 12
130941 -+ 2307d? L 67942 — 327d — 8
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Note that in the isotropic case (d = 1) R = R; S — § and the coefficients
are considerably simplified:
2)2 8 2’ o
[ J——Y L - > — — e -
=73 Bl M=ty K=t
The parameter §, entering (11) is given by
_ 771(0'4?72 — NMa) + &6 — Eams) + E5(&ame — 0.48175)
&, = - 1 R 2
04975 — 1414

W, = b

» ¥V — D= Lb". (A2Z)

s

1 o
iy = (LT, To) o Ly Lot Wt W — 28515 & =

| oo

(Ty—Ty);

1 1 -
Mo =— n (Ty -+ Ty + 4My); & = 4 [0.8(K; — K,) — 0.6(T) — Ty)];

(A3)
1 ¢ 7] Y '
M=y (T, + T, + 2K, 4 2K,);
1 "
£y = 4 (Iy — Ly - ¥, — Wy — 0.2 (T, — Ty)];
1 , , !
Ny = 4 [0.8(7y 4+ Tg) + Ly + Ly + ¥y + W3 + 20,] .
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